BIRATIONAL INVARIANCE OF HIGHER AMITSUR GROUPS

FEDERICO SCAVIA, YURI TSCHINKEL, AND ZHIJIA ZHANG

ABSTRACT. Let k be a field of characteristic zero and G a finite group. We
prove that for all n > 2, the nth Amitsur group is a stable G-birational in-
variant of smooth projective G-varieties over k. This was previously known
for n = 2,3. For smooth projective G-varieties with free and finitely gen-
erated Picard group, we also prove that the vanishing of the G-equivariant
universal torsor obstruction implies the vanishing of the nth Amitsur group,
for all n > 2. This was known for n = 2. Our approach allows for effective
computations of these obstructions; we illustrate this with several examples.

1. INTRODUCTION

Let k be a field and G a finite group. By definition, a k-variety is a separated
k-scheme of finite type, and a G-variety over k is a k-variety endowed with a
(regular) G-action over k. Let X and Y be integral G-varieties over k. We say that
X and Y are G-birationally equivalent if there exists a G-equivariant birational
map X --+ Y, and stably G-birationally equivalent if there exist integers m,n > 0
such that X x; P and Y x; P} are G-birationally equivalent (here G acts trivially
on P7* and P}). A G-variety X is said to be G-(stably) linearizable if it is (stably)
G-birationally equivalent to P(V'), and G-unirational if there exists a dominant
G-equivariant rational map P(V) --» X, where V is a finite-dimensional linear
G-representation over k.

One of the main goals of G-equivariant algebraic geometry is to classify G-
varieties up to G-birational or stable G-birational equivalence. A particularly im-
portant case is that of k-rational G-varieties of some fixed dimension d > 1 on
which G acts generically freely. In this setting, the classification problem is equiv-
alent to the classification of conjugacy classes of finite subgroups of the Cremona
group Cry(k). This is a major open problem for d > 3.

In order to prove that X and Y are not (stably) G-birationally equivalent, one
typically has to find a (stable) G-birational invariant which distinguishes them.
In this paper, we introduce the higher Amitsur groups, and prove their stable G-
birational invariance. This is an infinite sequence of abelian groups defined as
follows: Suppose that k[X]* = k* (for example, X is smooth, projective and
geometrically connected) and consider the Grothendieck spectral sequence for the
composition of the functor of étale global sections and the functor of G-invariants

(1.1) EYY = HP(G,HY(X,G,,)) = HL (X, G,,).
For all p > 0 we have differentials
d2': HP(G, Pic(X)) — HPT2(G, k).
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For all n > 2, we define the nth Amitsur group of the G-variety X as

n—2,1

(12) Am"(X © G, Gp) = Im(H" (G, Pic(X)) 25 H (G, k*)).

The second Amitsur group, introduced in [BCDP23, Section 6], admits a concrete
description in terms of G-linearizability of line bundles; see Remark 2.7 below.

Prior to the present work, the Amitsur groups had been defined only when n < 4
and k is algebraically closed, via the Leray spectral sequence for the morphism of
stacks [X/G] — BrG (see, for example, [KT26, Section 5]); by Remark 2.6 below,
our definition specializes to the previous one when k is algebraically closed. Before
our work, no results were known about these groups for n > 4; the proof of stable
birational invariance in the case of n = 4 in [KT26, Section 5] was based on blowup
formulas in Voevodsky’s motivic cohomology, which discouraged the study of the
differentials dj > for higher n.

More precisely, suppose that k is algebraically closed and of characteristic zero,
and that X and Y are smooth, projective, and irreducible. Assume further that X
and Y are G-birationally equivalent. Then the equality

AM"(X © G,Gp) = Am™(Y © G, G,,)

was only known in the following cases:

e when n = 2, by [BCDP23, Theorem 6.1],
e when n = 3, by [KT22] and [KT25], and
e when n =4 and X and Y are k-rational, by [KT26, Theorem 5.7].

Moreover, if X is G-unirational then
Am" (X © G,G,,) =0 for n=2,34;

see [KT26, Section 5]. It is natural to wonder whether, for every n > 2, the Amitsur
group Am" (X © G, G,,) is a stable G-birational invariant which vanishes when X
is G-unirational. We answer this question in the affirmative when k is an arbitrary
field of characteristic zero.

More generally, let S be a k-split G-torus, that is, S is a group scheme over
k isomorphic to Gj,, for some integer » > 1, endowed with a G-action via group
scheme automorphisms. We have the spectral sequence

(1.3) Eb? = HP(G,HY(X, S)) = HL (X, 9),
and hence, for all p > 0, the differentials
(1.4) do': HP(G,H' (X, S)) — HPY2(G, S(k)).

For all n > 2, we define

n—2,1
d;

(1.5) Am™(X © G, S) = Im(H"2(G, H (X, S)) <— H"(G, S(k))).

When S = G,,, with trivial G-action, this recovers (1.2). We prove that the group
Am" (X © G, 5) is a stably G-birational invariant of X, for all n > 2.

Theorem 1.1. Let k be a field of characteristic zero, G a finite group, and S a
k-split G-torus. Let X and Y be stably G-birationally equivalent smooth projective
geometrically irreducible G-varieties over k. Then, for all n > 2, we have

Am™(X © G, S) = Am™(Y © G, S).
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Our methods also clarify the relation between higher Amitsur groups and the
G-equivariant universal torsor obstruction. Assume that the Picard group Pic(X)
of the G-variety X is Z-free and finitely generated, and let Tng be the Néron-Severi
torus of X, that is, a k-split G-torus whose character lattice is isomorphic to Pic(X)
as a G-module. Then H!(X,Tns) = End(Pic(X)) and the spectral sequence (1.3)
for S = Tng yields a homomorphism

d': End(Pic(X))® — H2(G, Tns(k)).
The non-vanishing of the class
BX © @) =dy' (Idpic(x)) € H*(G, Tns (k)

is the obstruction to lifting the G-action from X to a universal torsor 7x — X, and
also an obstruction to unirationality of the G-action; see [KT26, §5]; the passage
to universal torsors allowed one to establish stable linearizability of nonlinearizable
G-actions in many new cases [HT23].

If the class 8(X © G) is zero, then Am*(X © G,G,,) = 0, by [KT26, Proposi-
tion 5.3]. It is then natural to wonder whether the condition (X © G) = 0 implies
the vanishing of Am"™ (X © G, G,,), for all n > 2. We prove that this is indeed the
case.

Theorem 1.2. Let k be a field, G a finite group, and X a smooth projective geo-
metrically connected G-variety such that Pic(X) is Z-free and finitely generated. If
B(X DO G) =0, then Am"(X © G,S) =0, for alln > 2 and all G-tori S.

As we explain below, our result is more precise and clarifies the relation between
B(X © G) and the groups Am" (X © G, 5). Indeed, we exhibit a 4-term extension
of Pic(X) by k* with extension class —3(X © G) and such that, for every k-split
G-torus S, tensoring this sequence with the cocharacter lattice of S and taking the
double connecting homomorphisms yields the differentials (1.5).

Theorem 1.2 was known (in characteristic zero) when X is a toric variety, the
open orbit T' C X is G-stable, and the G-action on T is by group automorphisms,
in which case the vanishing of (X © @) is equivalent to the G-unirationality
of X; see [KT25, Theorem 6.1]. For the purposes of finding obstructions to G-
unirationality, it would suffice to compute S(X © G). However, to test stable G-
birational equivalence of G-varieties, one needs to rely on higher Amitsur groups,
since 8(X © G) itself is not a G-birational invariant, only its vanishing is. (The
group H%(G, Txs(k)) is not a G-birational invariant.)

The main ingredient for the proofs of Theorems 1.1 and 1.2 is the observation that
the Amitsur groups admit the following equivalent definition. Let X be a smooth
projective integral G-variety, and consider the exact sequence of G-modules

(1.6) 1— b — k(X)* 2% Div(X) — Pic(X) — 0.

Let S be a k-split G-torus. Tensoring (1.6) with the cocharacter lattice X,.(S) of
S, we obtain an exact sequence
(1.7)

1 — S(k) — S(k(X)) ¥ Div(X) ®z X.(S) — Pic(X) @z X.(5) — 0.
This yields, for every n > 2, a connecting homomorphism

(1.8) o™ H"2(G, Pic(X) @7 X.(S)) — H"(G, S(k)),



which is given by cup product with the class of the extension (1.6). We prove in
Theorem 2.1 that

Am"(X ©G,S) =Im(0"), forall Sandn > 2.

This is a consequence of a result of Skorobogatov [Sko07, Proposition 1.1]. Using the
equivalent description of Amitsur groups provided by Theorem 2.1, it is not difficult
to prove their invariance under blowups in smooth closed G-stable centers and under
products with projective spaces on which G acts trivially; see Proposition 3.3.
Since the characteristic of k is equal to zero, the G-equivariant weak factorization
theorem [AKMWO02, Theorem 0.3.1] then implies Theorem 1.1. Finally, a well-
known argument from homological algebra shows that S(X © G) is equal to the
opposite of the class of (1.6) in ExtZ(Pic(X),k*); see Proposition 4.1. Thus, if
B(X © G) =0, then for all n > 2 and all k-split G-tori S we have 9" = 0, which
by Theorem 2.1 implies that Am" (X © G, S) = 0, proving Theorem 1.2.

Theorem 2.1 also makes the higher Amitsur groups much more amenable to
computation. We illustrate this with several examples. More precisely, in Section 6,
we compute all higher Amitsur groups for cyclic actions on projective spaces (in
particular, we show that they depend nontrivially on the arithmetic of the field k)
and for the faithful action of the Klein 4-group on the projective line. In Section 7,
we construct a toric smooth projective G-variety X, where G is the Klein 4-group,
such that 8(X © G) # 0 (in particular, X is not G-unirational) while all higher
Amitsur groups vanish. Finally, in Section 8, we prove nontriviality of S(X © G)
for the action of the modular (maximal-cyclic) group G of order 16 on a certain del
Pezzo surface X of degree 2: this implies that X is not G-unirational, even though
every abelian subgroup of G has fixed points on X and all higher Amitsur groups
vanish. This was an open case in [TZ25], and such a G-action is unique on del Pezzo
surfaces over algebraically closed fields of characteristic zero; see Remark 8.2.

In Section 9, inspired by the descent formalism of Colliot-Thélene and San-
suc [CTS87], we generalize our results to the arithmetic setting by replacing the
G-action on X with the Galois group action on X x k. In fact, the second Amit-
sur group was originally considered in this context in [Ami55] to study birational
equivalence of Severi-Brauer varieties. Arithmetic analogs of higher Amitsur groups
have not been considered, to our knowledge: for example, the fundamental paper
[CTS87] is focused on the vanishing of the elementary obstruction, which controls
the existence of universal torsors, which in turn are central to arithmetic appli-
cations over number fields, e.g., Hasse principle and weak approximation. This
asymmetry is natural, because the higher “equivariant” Amitsur groups have wider
applicability in equivariant geometry than the higher “arithmetic” Amitsur groups
do in the study of rational points. Indeed, if a k-variety X satisfies X (k) # 0,
then the elementary obstruction for X vanishes, and hence all higher arithmetic
Amitsur groups of X vanish. On the other hand, the computation of higher equi-
variant Amitsur groups for k-unirational G-varieties X is very useful to obstruct
their G-unirationality: indeed, there exist G-unirational varieties without G-fixed
points. We also point out another important discrepancy between the two contexts,
due to the lack of an analog of Hilbert’s theorem 90 in the G-equivariant setting;
see Remark 9.4.



2. THE AMITSUR GROUPS

Let k be a field, G a finite group, S a k-split G-torus, X.(S) the cocharacter
lattice of S, and X a smooth G-variety. Let k[X] be the ring of regular functions
on X, k[X]* the group of units in k[X], k(X)) the product of the function fields of
the irreducible components of X, Div(X) the abelian group of Weil divisors on X,
and Pic(X) the Picard group of X.

We have a G-equivariant exact sequence

(2.1) 1 — K[X]* — k(X)* L% Div(X) — Pie(X) — 0,

where div denotes the divisor map. For every k-scheme U, we have a G-equivariant
isomorphism

(2:2) X (S) @ kU] — S(U), x®f—xof.

Since X.(9) is free as a Z-module, tensoring (2.1) with X,(5) and using (2.2) we
obtain a G-equivariant exact sequence
(2.3)

1 — S(k[X]) — S(k(X)) —I% Div(X) ® X.(S) — Pic(X) ® X.(S) — 0.
Let
(2.4) a(X © G, 5) € Ext?(Pic(X) ® X,(9), S(k[X]))

be the class of this extension. For all n > 2, we obtain connecting maps
(2.5)
o": H" (G, Pic(X) ® X.(S)) — H™(G, S(k[X])), c—cUa(X ©G,S).

The spectral sequence for G-equivariant étale cohomology with coefficients in S
has the form

(2.6) EY? = HP(G,HY(X, S)) = HE (X, 9).

By definition, this is the Grothendieck spectral sequence for the composition of the
functor of global sections on the category of étale abelian sheaves and the functor
of G-invariants. In particular, for all p > 0, we have differentials

(2.7) db': HP(G,HY (X, S)) — HPF2(G, S(k[X])).

Similarly, the spectral sequence for G-equivariant Zariski cohomology with S coef-
ficients has the form

(2.8) 5 = HP (G, HY,, (X, 5)) = HEH, (X, S).

This is the Grothendieck spectral sequence for the composition of the functor of
global sections for the Zariski abelian sheaf S and the functor of G-invariants. In
particular, for all p > 0, we have differentials

(2.9) (dzar)5': HP(G, HY,, (X, S)) — HPY2(G, S(k[X])).

Zar

We also have G-module isomorphisms
(2.10) Pic(X) ®@z X.(S) == HL,. (X, S) = H'(X, 9).

Here, the first map is given by L ® x — x«(L). The second map is the canonical
map induced by the change-of-site morphism Xg — Xyza;, and it is an isomorphism
by Grothendieck’s generalization of Hilbert’s theorem 90.
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Theorem 2.1. Let k be a field, G a finite group, S a k-split G-torus, and X a
smooth G-variety. For all n > 2, we have a commutative square

H"2(G, Pic(X) @7 X.(5)) — H"2(G,HL (X, S)) — H" (G, H'(X, S))

Zar

o™ n—2,1
l(dza»z (4

H"(G, S(k[X]))
where the horizontal maps are induced by (2.10), and where the maps 8", (dzar)y 2"
and di~*" are the maps of (2.5), (2.9) and (2.7), respectively.

For every integer n > 2, we may thus define the nth Amitsur group of the smooth
G-variety X with coefficients in the G-torus S as

(2.11) Am"™(X © G, S) = Im(d") = Im((dza,)y >") = Im(dj—>").

We call n the degree of the Amitsur group Am"(X © G,S). When k[X]* = k*,
the definition given in (2.11) recovers (1.5).

The statement of Theorem 2.1 depends on sign conventions adopted in homo-
logical algebra. In this text, we follow [KT25, Appendix A]. With different sign
conventions, the left triangle in the statement of Theorem 2.1 may commute only
up to sign. In any case, the definition in (2.11) is independent of these choices.

The proof of Theorem 2.1 relies on the following lemma.

Lemma 2.2. Let A and B be abelian categories, and assume that A has enough
injectives. Let ®: A — B be a left exact additive functor. Consider a 2-term

complex A® = [A° N Al] concentrated in degrees 0 and 1. In the hypercohomology
spectral sequence

(2.12) EDY = RPO(HI(A®)) = RPHID(A®),
the differentials
(2.13) db': RPO(H(A®)) — RPH2H(HO(A®))

are given by the double connecting homomorphisms for the exact sequence
0 — Ker(f) — A° At — Coker(f) — 0.

Proof. This is standard; see for example [KT25, Lemma A.3] or, with different sign
conventions, the more general [Sko07, Proposition 1.1]. g

Proof of Theorem 2.1. The change-of-site map Xg — Xz, gives rise to a mor-
phism of spectral sequences from (2.8) to (2.6), and hence to the commutative
triangle on the right. It remains to prove the commutativity of the left triangle.

By definition, the spectral sequence (2.8) is the hypercohomology spectral se-
quence for the complex of Zariski derived global sections RT'z, (X, S), viewed as
an object of the bounded-below derived category of G-modules. Consider the G-
equivariant morphism j: Spec(k(X)) — X given by the inclusion of the generic
points of X. Let X(!) be the G-set of codimension-one points of X, and for every z €
XM et i,: Spec(k(z)) — X be the inclusion map. Let Divx = ©,cy) (is)«Z
be the abelian Zariski sheaf of Weil divisors on X. We have a short exact sequence
of G-equivariant abelian Zariski sheaves on X:

(2.14) 1— Gy — 1uC k(x) — Divy — 0.
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Tensoring (2.14) with X, (.S) yields the following short exact sequence of G-equivariant
abelian Zariski sheaves on X:
(2.15) 1— 8 — ju(Sk(x)) 5 Divy @2%.(5) — 0.

This is a flasque resolution of S in the category of G-equivariant abelian Zariski
sheaves. (Note that it is not a flasque resolution in the category of G-equivariant
abelian étale sheaves.) It follows that we have a quasi-isomorphism

(2.16) RT 200 (X, S) ~ [S(k(X)) L% Div(X) @7 X.(S)]

of complexes of G-modules concentrated in degrees 0 and 1. In particular, by
Lemma, 2.2, the differential (dz.ow)g_Q’1 is equal to the double connecting homomor-
phism for the exact sequence

1 — S(k[X]) — RI'zar(X,5)" — RTz. (X, ) — Hy, (X,S) — 0.
By (2.16), this sequence is Yoneda-equivalent to the cohomology sequence

1 — S(k[X]) — S(k(X)) LY Div(X) @z X.(S) — HL_(X,S) — 0

associated to (2.15), and hence (dza; )3~ " is equal to the double connecting homo-
morphism for this sequence as well. Finally, we have a commutative diagram with
exact rows

1 — S(k[X]) — S(k(X)) < Div(X) @z X.(S) — Pic(X) @z X.(S) — 0

H H H |

1 — S(k[X]) — S(k(X)) & Div(X) ®z X,.(S) — HL _(X,5) — 0,

Zar

where the top row is (2.3), and where the vertical isomorphism on the right comes
from (2.10). Therefore, under the isomorphism

Hn_2(G7 PlC(X) Q®z X (S)) — Hn_2(G7 H%ar (X7 5))

induced by (2.10), the map (dZar)gfz’1 corresponds to the double connecting map
d™, as desired. O

‘We conclude this section with several remarks.

Remark 2.3. Proving Theorem 2.1 for an arbitrary k-split G-torus S instead of just
G, is essential for the application to the G-equivariant universal torsor obstruction
given in Theorem 1.2.

Remark 2.4. Let k be a field, G a finite group, S a k-split G-torus, and X a smooth
G-variety over k. The sequence (2.3) induces, for all integers n, double connecting
homomorphisms

o™ : H" (G, Pic(X) ®z X.(9)) — H™(G, S(k[X))),

where H denotes Tate cohomology; see [NSWO08, Chapter I, §9]. We define, for all
integers n, the nth Amitsur group of the G-variety X as
Am"(X © G, S) =Im(o").

By Theorem 2.1, this definition agrees with the one given in (2.11), for n > 2. In
this paper, we will only work with Amitsur groups of degree n > 2.
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Remark 2.5. As we showed in the proof of Theorem 2.1 (cf. (2.16)), the Eg-page of
the spectral sequence (2.8) is concentrated in the rows ¢ = 0 and ¢ = 1. We obtain
a long exact sequence

0 — HY(G, S([X])) = H 401 (X, §) = HY(G, Pic(X) © 2.(S)) L> ...
o+ L (G, S(RXD) — HE (X, 5) = H'7Y(G, Pie(X) @ X.(5)) £ -+
where the maps 0™ have been defined in (2.5).

Remark 2.6. Let k be a field, G a finite group, S a k-split G-torus, and X a
smooth G-variety. Write [X/G] for the quotient stack of X by the G-action, and
BirG = [Spec(k)/G] for the classifying stack of G. Consider the Leray spectral
sequence for the morphism 7: [X/G] — B G and the étale sheaf determined by S:

(2.17) ESY = HP(BxG,R7.(S)) = HPTI([X/G], S).

By definition, this is the Grothendieck spectral sequence for the composition of ,
and the global sections functor over ByG. We have differentials

(2.18) db': HP(ByG, R, (S)) — HPF2(BRG, 7. (S)).

When £k is algebraically closed, there is an equivalence between the category of
étale abelian sheaves over BiG and the category of G-modules, under which the
functor of global sections corresponds to the functor of G-invariants. Thus, when
k is algebraically closed, the two Grothendieck spectral sequences (2.17) and (2.6)

are isomorphic and the differentials d5' of (2.7) and (2.18) coincide, so that in
particular our definition of Am"™(X © G, S) coincides with that of [KT26].

Remark 2.7. The second Amitsur group (for S = G,,) admits a concrete descrip-
tion in terms of equivariant line bundles. Let k be a field, G a finite group, and
X a smooth irreducible G-variety. Let Picg(X) == H5(X,G,,) be the group of
G-equivariant isomorphism classes of G-linearized line bundles on X. The exact se-
quence of low-degree terms associated to (1.1) shows that Am?(X © G, G,,) is the
cokernel of the natural map Picg(X) — Pic(X)%, and in particular that it vanishes
if and only if every G-invariant element of Pic(X) is represented by a G-linearized
line bundle on X.

3. PROOF OF THEOREM 1.1
Our proof of Theorem 1.1 relies on the next three assertions.

Lemma 3.1. Let k be a field, G a finite group, S a k-split G-torus, m: X — X
a dominant G-equivariant morphism of smooth irreducible G-varieties such that
EX]* =k X]* =k, and

7 Ext%(Pic(X) ®7 X.(5), S(k)) — ExtZ (Pic(X) @z %.(S), S(k))
the induced map. Then 7 (a(X © G, S)) = a(X © G, S).
Proof. We have a commutative diagram of G-modules with exact rows

1 —— kX —— k(X)X —— Div(X) —— Pic(X) —— 0

T L N

1 — k* —— k(X)* —— Div(X) —— Pic(X) —— 0.
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Here we have used the fact that X and X are smooth to identify Weil divisors
with Cartier divisors, and the fact that 7 is dominant and that the k-varieties X
and X are integral to have a well-defined pullback at the level of Cartier divisors.
Since X.(95) is free as an abelian group, tensoring with X, (S) yields the following
commutative diagram with exact rows

1 — S(k) — S(k(X)) — Div(X) @z %,(S) — Pic(X) ®z X.(S) — 0
1 — S(k) — S(k(X)) — Div(X) ®z X.(S) — Pic(X) ®z X.(S) — 0.
By [Mac67, Chapter III, Proposition 5.1], this shows that
(X ©G,8) =a(X DG,S). O

Lemma 3.2. Let k be a field, G a finite group, S a k-split G-torus, X a smooth
irreducible G-variety, 3 a G-stable set of irreducible prime divisors on X. Write
e: Z[X] = Pic(X) for the G-module homomorphism sending a divisor to its associ-
ated line bundle, and consider the pullback map

€1 ExtZ (Pic(X) @z X.(9), S(k[X])) — ExtZ(Z[X] ®z X.(S), S(k[X])).
Then e*(a(X © G, 5)) =0.
Proof. Consider the commutative diagram of G-modules with exact rows
1 —— k[X]* — k(X)* —— Div(X) —— Pic(X) —— 0

H H | |

1 —— K[X]X —— k(X)* M—t 7y ——o,

where M is defined so that the square on the right is cartesian. Tensoring with
X.(S) yields a commutative diagram
(3.1)

1 — S(k[X]) — S(k(X)) — Div(X) ®z X.(S) — Pic(X) @z X.(S) — 0

H H [ [rene

1 — S(k[X]) — Sk(X)) — M ®7%,(5) 2% Z[5] @7 X.(S) — 0,

where the square on the right is cartesian. The obvious inclusion Z[X] — Div(X) is
a G-equivariant lift of ¢, and hence induces a G-equivariant splitting of f. Letting
N = Ker(f), the bottom row is the composite (Yoneda product) of the short exact
sequences of G-modules

1 —— S([X]) —— S(k(X)) —— N &z X.(S) —— 0,

0 —— N@zX.(8) —— M @zx.(S) 224 7[5] @7 x.(S) —— 0.
As the map f is G-equivariantly split, the second sequence splits. Since composition
of short exact sequences is additive [Mac67, Chapter III, Theorem 5.3|, we deduce
that the bottom row of (3.1) splits. The vanishing of €*(a(X © G, S)) now follows
from [Mac67, Chapter III, Proposition 5.1]. O

Proposition 3.3. Let k be a field, G a finite group, S a k-split G-torus, and X a
smooth irreducible G-variety such that k[X]* =k*. Let m: X — X be
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(i) the blowup along a smooth closed G-stable subvariety Z C X, or

(ii) the first projection from X == X x,P(V@®1), where V is a finite-dimensional
G-representation over k and 1 denotes the trivial one-dimensional G-repre-
sentation over k.

For all n > 2, we have
Am"(X ©G,S) = Am"(X ©G,S).
Moreover, (X © G, S) = 0 if and only if a(X © G, S) = 0.
Proof. In case (i), let £ C X be the exceptional divisor, and let ¥ be the G-set
of irreducible components of E. In case (ii), let ¥ = {H}, where H C X is the
pullback of a G-stable hyperplane in P(V@&1). Let e: Z[X] — Pic(X) be the induced
map. Observe that k[X]* = k[X]* = k*. The maps 7 and € induce a G-module
isomorphism
(7*,€): Pic(X) @ Z[X] = Pic(X)
and therefore isomorphisms of abelian groups
(7%, ") ExtZ(Pic(X) @z X.(S), S(k))
= ExtZ(Pic(X) @z X.(S), S(k)) ® Ext%(Z[Y] @7 %.(S), S(k)).
In order to conclude, it is enough to prove that
(3.3) (7, ) (X © G, 9)) = (a(X © G, S),0).
We have 7*(a(X © G, S)) = a(X © G,S), by Lemma 3.1. Moreover, we have

e (a(X © G, 8)) = 0, by applying Lemma 3.2 to the G-variety X and the G-set
Y. This proves (3.3), as desired. O

(3.2)

Proof of Theorem 1.1. Since char(k) = 0, by the G-equivariant weak factorization
theorem [AKMWO02, Theorem 0.3.1], it suffices to show that

Am"(X ©G,S)=Am" (Y © G, S)
when (i) Y is the blowup of X along a smooth closed G-stable center Z C X, and
when (ii) Y = X xj; P{, for some integer d > 0, where G acts trivially on P¢. This
was proved in Proposition 3.3. O

4. PROOF OF THEOREM 1.2

The goal of this section is to prove Theorem 1.2. Let k be a field, G a finite
group, and X a smooth irreducible k-variety such that the abelian group Pic(X) is
free and finitely generated. Let Txg be the Néron-Severi torus of X. By definition,
this is a k-split G-torus whose character lattice X*(Ing) is isomorphic to Pic(X)
as a G-module. It follows that X.(Ts) is isomorphic to Pic(X)Y. We have a
G-module isomorphism

Pic(X) ® Pic(X)Y = End(Pic(X)), L@@ (M o(M)L).
By Theorem 2.1 for n = 2 and S = Tns, we have a commutative triangle

End(Pic(X))¢ —>— H!(X, Tys)®

la2 %
2

H*(G, Tns (k[ X]))
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We define the G-equivariant universal torsor obstruction for the G-variety X as
B(X ©G) = 0*(Idpic(x)) € H*(G, Tns(K[X])).

Since Pic(X) is Z-free, the higher Ext groups Ext?(Pic(X), k[X]*) vanish, for all
q > 1. It follows that the spectral sequence

ES? = HP(G, Extl(Pic(X), k[X]*)) = Ext}% (Pic(X), k[X]*)
collapses. As Tns(k[X]) = Homgz(Pic(X), k[X]*), we obtain an isomorphism
(4.1) H?(G, Tws (k[ X])) == ExtZ(Pic(X), k[X]).

Proposition 4.1. Let k be a field, G a finite group, and X an irreducible smooth
projective G-variety such that Pic(X) is free and finitely generated. Under the
isomorphism (4.1), the class S(X O G) corresponds to —a(X O G,G,,), where
Gy, is viewed as a k-split G-torus with trivial action.

Proof. See [KT25, Proposition 5.4]. The result there is stated only when X is
k-rational, but this is not needed in the proof. (I

Proof of Theorem 1.2. Suppose that (X © G) = 0. By Proposition 4.1, we have
a(X © G,G,,) = 0, that is, the extension (2.1) is trivial. Let S be a k-split G-
torus. Since (2.3) is obtained from (2.1) by tensoring with X.(5), it is also trivial.
It follows that, for all n > 2, the connecting homomorphism 9™ of (2.5) vanishes,
and hence by Theorem 2.1 we conclude that Am"(X © G, S) = 0. O

5. SUMMARY OF PROPERTIES OF HIGHER AMITSUR GROUPS

Theorem 5.1. Let k be a field of characteristic zero, S a k-split G-torus, X an
irreducible smooth projective G-variety over k. For all integers n > 2, the groups

Am"™(X © G, S)

satisfy the following:

(1) they are stable G-birational invariants of X,

(2) they vanish when X% # @,

(3) if Am™(X © G,,S) =0, for every prime p and every p-Sylow subgroup Gy,
of G, then Am"™(X © G,S) =0,

(4) given a G-equivariant rational map ¢: Y --» X of smooth projective vari-
eties with reqular G-action one has

Am"(X ©G,S) C Am"(Y © G, S),

with equality if ¢ is a G-equivariant morphism inducing an isomorphism
Pic(X) ~ Pic(Y).
(5) for a linear representation V' of G one has

Am"(P(V)© G,S) =0,
(6) if X is G-unirational then
Am™"(X ©G,S) =0.



12

Proof. Property (1) follows from Theorem 1.1. Property (2) is an immediate con-
sequence of functoriality of the spectral sequence (2.6). Property (3) follows from
a restriction-corestriction argument in group cohomology. For property (4), let

Y
Y / ‘ \: X
be a G-equivariant resolution of indeterminacies of ¢, where Y is smooth. By (1),
Am™(Y ©G,S8) = Am"(Y © G, S).
By functoriality of the spectral sequence (2.6),
Am"(X ©G,S) CAm"(Y ©G,S)=Am"(Y © G, S).
Property (5) follows from the natural projection P(V@1) --» P(V), combined with
Properties (2) and (4). Property (6) is consequence of (4) and (5). O

Remark 5.2. A G-unirational smooth projective G-variety over a field k does not
necessarily have G-fixed points, even if k is algebraically closed. Thus Property (6)
is not a direct consequence of Property (2).

6. ACTIONS ON PROJECTIVE SPACES

The following lemma gives a way to compute the class a(X O G, S) of (2.4),
and the groups Am" (X © G, S) in practice.

Lemma 6.1. Let k be a field, S a k-split G-torus, X an irreducible smooth G-
variety, and {D;}icr a finite G-invariant collection of irreducible divisors of X
whose classes generate Pic(X), and U = X \ (UjerD;). Then the class of the
G-equivariant exact sequence

0 — S(k[X]) — S(k[U]) — (®ie1Z - D;) @z X.(S) — Pic(X) ®z X.(S) — 0
in ExtZ (Pic(X) @z X.(S), S(k[X])) is equal to the class (X © G, S) of (2.4).
Proof. We have a G-equivariant commutative diagram of with exact rows

1 — k[X]* — k(X)* —— Div(X) — Pic(X) —— 0

] I

]
1 —— kX —— kU] — &

ier L+ Di —— Pic(X) —— 0,

where the vertical maps are the obvious inclusions. The conclusion follows from
tensorization with X, (5), followed by an application of [Mac67, Chapter III, Propo-
sition 5.1]. O

The following example shows that the Amitsur groups depend on the ground
field k, in general.

Proposition 6.2. Let k be a field, m > 2 an integer, and b € k*. Let G = (o) be a
cyclic group of order m. Consider the projective space X = ]P’Z’_l with homogeneous
coordinates xg, ..., Tm—1, equipped with a G-action defined by

o(x;)) =xiy1 for0<i<m—2, and o(xm,—1)= bxg.



13

We have B(X O G) =0 if and only if b € k*™. Moreover, Am"(X © G,G,,) =0
if n is odd, and Am™(X © G,G,,) is isomorphic to the subgroup generated by b in
E*JE*™ if n is even.

Proof. We identify the G-module Pic(P{"~") with the trivial G-module Z via the
degree isomorphism. For every i =0,...,m — 1, let D; C ]P’Z“‘_1 be the hyperplane
given by the equation x; = 0. Let U = IP’km_l \ (U;’ingi). By Lemma 6.1,
B(X © G) coincides with the class of the extension

1 — kX — K[U]* 4% @Z D, X5 7, 0.

Consider the following commutative diagram with exact rows:

0 z Z[G) — 2= 7[q) Z 0

o] |

1 —— kX —— kU] -4 @tz D, 27— 0.

Here, f, sends 1 € Z to b, the second vertical arrow sends 1 € Z[G] to zp/x1, the
third vertical arrow sends 1 € Z[G] to Dy, and Z — Z[G] sends 1 to >, o*. The
top row of this diagram is a generator y € Ext%(Z,Z). By [Mac67, Chapter II1,
Proposition 5.1], we deduce that the map (f3).: Ext(Z,Z) — Ext%(Z, k*) sends
X to (X © G). Consider the commutative square

Z/mZ —>— H%(G,Z) —>— Ext(Z,7)

lfb l(fb)* l(fb

BX kXM s H2(GL ) — Ext(Z, k),

where the isomorphisms on the left are given by cup product with x; see [NSWOS,
Proposition 1.7.1]. Thus (X © G) =0 if and only if b =1 in k> /k*™, as desired.
Moreover, it follows from [NSWO08, Proposition 1.7.1] that for all even n > 2 the
map 9" of (2.5) sends 1 € Z to the class of bUx"/? in H"(k, G). On the other hand,
if n is odd, then H"7%(G,Z) = 0, and hence 9" = 0. Thus Am"(X © G, G,,) has
the desired form for all n > 2. O

When k is algebraically closed, there exists a unique (up to conjugation) faithful
action of the Klein 4-group on P. We compute all higher Amitsur groups for this
action.

Proposition 6.3. Let G := Z/2 x Z/2 be the Klein 4-group, and let o,7 € G
be generators. Let k be a field of characteristic not equal to two, let xg,x1 be
homogeneous coordinates on ]P’,lc, and consider the G-action on IE”,lc given by

o (xog:x) = (21 : 29), T (xo: x1) = (=20 : 1)
The map O™ of (2.5) (for S = G,,) is injective for every n > 3, and the map

0%: H°(G, Pic(Py)) — H2(G, k™)
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has kernel 27, and image isomorphic to Z/2. In particular,

(Z)2)%3, n>2 even,
Am"(PL © G,G,,) ~ -
(Z/2)z, n >3 odd.

The group Am" (P} © G, G,,) was computed in [BCDP23, Proposition 6.4] for
n = 2 and in [KT26, Example 5.9] for n = 4.

Proof. We have H°(G,Z) = 7Z and, by the Kiinneth formula with integer coeffi-
cients, for all n > 3 the group H"~%(G, Z) is isomorphic to (Z/2)% when n is even
and to (Z/ 2)”'7_3 when n is odd. Therefore, it suffices to prove that 6% has kernel
27 and that 0™ is injective for all n > 3.

Let k be an algebraic closure of k. Extension of scalars gives, for all n > 2, a
commutative square

H"~2(G, Pic(PL)) —— H"2(G, Pic(PL))

k
(6.1) anl la

H™(G, k") —— HY(G, k).

Since H2(G, k*) and H2(G, k*) are 2-torsion, the kernel of 9% (over k and k) con-
tains 2Z. Therefore, in order to prove Proposition 6.3 for n = 2, it remains to
show that 9% is not zero, and by (6.1) this can be checked over k. Moreover, if
for all n > 3 the right vertical map in (6.1) is injective, then so is the left vertical
map. Hence it suffices to prove Proposition 6.3 after replacing k by k. From now
on, we assume that k is algebraically closed. Set t = x¢/z1, so that o(t) = t=1
and 7(t) = —t. By Lemma 6.1, the class a(P} © G,G,,) is represented by the
G-equivariant exact sequence

(6.2) 1— k% — k% % 2% 7(0] @ Z[oo] —> Pic(PL) — 0.

After identifying Pic([P’,i) with Z via the degree map, and letting R := Zr, where
r = [0] — [o0], the above exact sequence is the Yoneda product of the two short
exact sequences

(6.3) 1 — kX —k*tF —SR—0

and

(6.4) 0— R —> Z[0] & Z[oo] =& 7 — 0.

Let z,y € H'(G,F2) be the dual basis of o,7. For every ¢ € H'(G,Fz), we define
M, = Fy @ Z, with G-action

g- (6,’[1) = (6 + nc(g),n)
Then c is represented by the G-equivariant Z-split short exact sequence
0—Fy, —> M, —7Z—0.

The commutative diagram with exact rows

0 R Z0] @ Z[oo]

J I |

0 Ty M, s 0,
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where the left vertical map sends r to 1 € Fy, and where ¢ is defined by

o([0]) = (0,1), ¢([oc]) = (1,1),
shows that z is the image of (6.4) under the induced map H!(G, R) — H'(G, Fy).
On the other hand, the commutative diagram with exact rows

0 Fy M,®R R 0
1 kX EX 2 R 0

where the vertical map in the middle is given by
(e,n) @r — (—1)",

shows that (6.3) is obtained from y ® R by the pairing Fy ® R — Fq, followed by
pushout along the inclusion ¢: Fy < k*. The compatibility of the cup product
with respect to maps of pairings now shows that the class of (6.2) is the image of
y Uz under the map t,: H?(G,Fy) — H2(G, k*), that is,

a(Py © G,G,) =t (yUz) in H*(G,kX).
Let
5?(: Hn(G7 kx) — Hn+1(G7PJ2)
be the connecting homomorphism associated to the Kummer exact sequence
2
0 — Fy =5 kX O 1

In order to show that 0™ is injective, it suffices to show that d7 o 9™ is injective.
The diagram of short exact sequences

0 F, 7/AZ Iy 0
| [ [
. e S

0 T, k k 1,

where the vertical map in the middle sends 1 to some chosen 4th root of unity in
k>, shows that

62.(a) = 0% (1a(yUz)) =Sq*(yUz) =y Uz U (y+x) in H3(G,Fy),

where in the last equality we have used that Sq'(z) = 22, Sq*(y) = y? and the
Cartan formula. We have a commutative square

H"2(G,Z) 22 ot (G, )

(
|-
yUzU(y+z)

Hn_2(G, Fg)

where 75 is given by reduction modulo 2. By the Kiinneth formula with Fy coeffi-
cients, H*(G,Fg) ~ Fy[z,y], and hence in particular the map of multiplication by
yUz U (y+ z) is injective. It follows that Ker(d% o ™) = Ker(nz). We have an
exact sequence

H"2(G,Z) 23 H" (G, Z) =% H"2(G, F).
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If n = 2, this implies that Ker(d% 09") = Ker(mg) = 2Z. If n > 3, then H"?(G, Z)
is 2-torsion, and hence 72 is injective. Thus d% o 0" is also injective. |

7. A NON-G-UNIRATIONAL TORIC VARIETY WITH TRIVIAL AMITSUR GROUPS

For an algebraically closed field k£ and a finite group G, a G-variety X is said to
be toric if X is a toric variety over k on which G acts (regularly) so that the torus
orbit T C X is G-stable. Note that we do not require G to act on the torus T' by
group automorphisms. In this section we prove the following theorem.

Theorem 7.1. Let k be an algebraically closed field of characteristic zero and
G = 7Z/2 x Z/2. There exists a toric smooth projective G-variety X such that
B(X D G)#0, but Am™(X © G,G,,) =0, for all n > 2. In particular, X is not
G-unirational.

We begin by recalling a result of [KT25].

Proposition 7.2. Let k be an algebraically closed field of characteristic zero, Y a
smooth toric k-variety, T CY the torus orbit, and G a finite group acting (regularly)
on'Y such that T is G-stable. Assume that E[Y]* = k*, that the finitely generated
abelian group Pic(Y) is free, and that 8(Y O G) = 0. Then'Y is G-unirational.

Proof. In view of Proposition 4.1, this is [KT25, Theorem 6.1] when Y is projective.
One can check that, in the proof of [KT25, Theorem 6.1], the assumption that YV
is projective is used only to ensure that k[Y]* = k™ and that Pic(Y) is free. O

Lemma 7.3. Let G :=7Z/2xZ/2 be the Klein 4-group and k an algebraically closed
field of characteristic zero. There exist a faithful G-lattice M and a non-split exact
sequence of G-modules

(7.1) 1 —kE — kM — M—0
such that for all n > 1, the connecting map H*(G, M) — H" (G, k) is zero.

By definition, k[M]* is the group of units in the Laurent polynomial ring k[M].
Since M is Z-free, any element of

Extg (M, k*) = HY(G, Hom(M, k*))
is represented by a short exact sequence of the form (7.1).
Proof. Recall that
HY(G o) = Folz,y], 2=yl =1.

Let A, B € H%(G,Z) be the images of 2,y under the Bockstein homomorphism
HY(G,Fy) — H%(G, Z). The reduction modulo 2 of A is equal to Sq*(z) = 22, and
the reduction modulo 2 of B is equal to Sq* (y) = y2. Since the abelian group G has
exponent equal to 2, by the Kiinneth formula, the groups H*(G,Z) are 2-torsion,
for all ¢ > 1. The long exact sequence associated to the short exact sequence

0 —Z—Z—1ZJ/2Z —0
shows that the reduction map H*(G,Z) — H(G,F2) is injective, for all i > 1. Since

H*(G,F5) is a domain and the reduction mod 2 of A is equal to 2%, we deduce that

(7.2) Ker[H* (G, 2) 227 0*+2(@, 2)] = 2. H(G, Z).



17

Let P, — Z be a projective resolution of the trivial G-module Z, and w €
Ext%(Z, Q27) the extension class of the exact sequence

0—0°Z — P — Py —7Z—0.

We denote by o the composition (Yoneda product) of extensions of G-modules. For
every G-module L and every n > 2, composition with w provides a surjective map

(7.3) (=) ow: Extl ?(Q%*Z, L) — Ext(Z, L) = H"(G, L),

which is an isomorphism if n > 3. In particular, there exist a € Homg (2%, Z) and
b € ExtZ(Q?Z,7Z) such that A = a ow and B? = bow. By replacing Q?Z with
O?Z @ Z|G] and extending a to map the generator of Z[G] to 1 € Z, if necessary,
we may assume that a is surjective. We define the G-lattice M as the kernel of a,
so that we have a short exact sequence of G-modules

0— M- 027 %7 —0.
Replacing Q2Z by Q%Z @ Z[G], if needed, we may assume that M is faithful. We
obtain an exact sequence

Ext(Z,Z) %% Ext%(Q22,Z) 2% Ext% (M, Z).

Put
¢z =boi € Exti(M,7).

Observe that ¢z # 0: indeed, if boi = 0, then b = b’ o a for some b’ € Extzg(Z,Z),
and hence

B =bow=0V0oaow=VboA in Exti(Z,7),

that is, B? is a multiple of A in H*(G,Z), a contradiction.
Since k is algebraically closed of characteristic zero, we may fix a projection
k* — Q/7Z with uniquely divisible kernel K. Pulling back the class of

0—2Z—Q—Q/Z—0

along this projection gives an extension class e € Extg(k*,Z). Because K is
uniquely divisible, for every G-module L and all n > 1 we have an isomorphism

eo(—): Extg(L, k™) = Extit (L, Z).

Let ¢ € Exté(M,kX) be the unique class such that e o ¢ = ¢z, and define the
sequence (7.1) as a representative of ¢. (This uniquely determines (7.1), up to
isomorphism.) Since ¢z # 0, we have ¢ # 0, that is, (7.1) is not split.

It remains to show that the connecting maps

co(—): H'(G, M) — H" (G, k™)

are zero, for all n > 1.
Let v € H"(G,M) = Ext&(Z, M) be any class. Then cov = 0 if and only if
eo (cow) =0, that is, if and only if ¢z o v = 0. We have

czov=(boi)ov="bo (iov).
Consider the intermediate morphism i o v € Extg:(Z, Q?Z). When n = 1, we have

Exty(Z,0%7) = HY(G,7Z) = 0,
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where H denotes Tate cohomology. We may thus assume that n > 2. By (7.3),
there exists a class u € Ext}y *(Z,Z) = H"~%(G, Z) such that
100V = Wwou.
Apply a to this equation. Since a oi = 0, we have
0= (aci)ov=ao(iov)=ao(wou)=(aow)ou=Aou.

In the cohomology ring H*(G,Z), the product A o u is exactly the cup product
AUu. We have thus proven that AUwu = 0. Since u has degree n — 2, by (7.2), this
implies that u = 0, if n > 3, and u = 2u/, for some v’ € Z = H*(G,Z), if n = 2.

We return to the evaluation of the connecting map cz o v:

czov="bo(iov)=bo(wou)=(bow)ou= B*ou.
It remains to prove that B2Uwu = 0 in H""2(G, Z). Recall that we have reduced to
the case n > 2 and AUwu = 0. If n > 3, then we showed that © = 0. If n = 2, then
u = 2u’, for some u’ € Z, so that
B*Uu=B*U(2u) = (2B*)ud =0.

Thus B2 Uu = 0, as desired. (Il

Lemma 7.4. Let k be a field, G a finite group, M a faithful G-lattice, and
1— Kk — kM — M —0
a short ezact sequence of G-modules. Set MY = Homg(M,Z). Then there exist:
o a G-free G-stable finite subset S C MY \ {0} of primitive elements which
span M ;
e o smooth rational G-variety Y over k containing U = Spec(k[M]) as a

G-stable dense open subscheme, and
e for each v € S, a prime divisor D, C Y,

such that the G-equivariant homomorphism
e M — Z[S], m%Z(m,v)v,
vES
is injective and we have a commutative diagram with exact rows

1 —— kX —— k[M]¥ —— 7[S] —— Coker(t) — 0

| L L

1 —— kX —— U] 2% Divy\y(Y) — Pic(Y) — 0,

where the third vertical map is given by v — D,. In particular, k[Y]* = k* and
the G-lattice Divy\y (Y') is G-free.

Proof. Let N := M. Since M is faithful, so is N. For each 1 # g € G, the fixed
subspace Né is a proper subspace of Ng. Hence the union U1¢QGGN(§ is a finite
union of proper subspaces of Ng. Therefore, we may choose primitive elements
v1,...,0, € N outside this union such that they span Ng. Then each v; has trivial
stabilizer, so each G-orbit Gv; is free. Then S := U]_, G'v; is a G-free G-stable finite
subset of N \ {0} consisting of primitive elements, spanning Ng. For all v € S, let
pv = R>ov be the ray spanned by v. Define a fan ¥ in Ng by ¥ = {0}U{p, | v € S}.
This is a fan since its only cones are 0 and one-dimensional cones, and distinct rays
intersect only in 0.



19

Let Y be the toric variety associated to 3. For each o € X, define
U, := Spec(kle” N M]), o ={m e Mg | (m,n)>0foralln € c}.

Then Y is obtained by gluing the affine schemes U, along their common open torus
U. In particular, Y is rational, and it is smooth because each cone is generated
by a primitive vector (and hence in particular by a subset of a basis of Ng). The
G-action on M induces a G-action on N preserving S and hence X, so G acts on
Y extending its action on U.

Since S spans Ng, the map ¢ is injective. For each v € S, let D,, be the corre-
sponding torus-invariant prime divisor. Then

Divy\p(Y) = @ ZD,,
veES
and hence the map Z[S| — Divy\y(Y') given by v + D, is an isomorphism. For
every m € M, the divisor of the character x™ € k[M]* is

div(x™) = Z<m,’0>Dv,
veS
where (—,—): M x N — Z is the tautological pairing. This proves the commuta-
tivity of the middle square. It follows that the induced map Coker(t) — Pic(Y) is
an isomorphism, as desired. ([

Proof of Theorem 7.1. Let M be a G-lattice as in Lemma 7.3. By Lemma 7.4, there
exists a smooth rational G-variety Y over k with k[Y]* = k>, together with a dense
open G-invariant subscheme U = Spec(k[M]) such that the G-lattice Divy\y(Y) is
G-free and the sequence

(7.4) 1— k% — kU] 2% Divy\p(Y) — Pic(Y) — 0

is isomorphic to the composition of (7.1) and the sequence

Now, Lemma 7.3 implies that all double connecting maps are zero for (7.4). By

Lemma 6.1, we know that (7.4) is equivalent to (2.1). In particular, all double

connecting maps for (2.1) are zero, that is, Am" (Y ©© G,G,,) =0 for all n > 2.
We show that 5(Y ©O G) = 0. Since (Y © G) is the class of (2.1), we see that

B(Y © G) =0 if and only if (7.4) splits, that is, if and only if the class of (7.1) in

Extg (M, k*) belongs to the kernel of Extg, (M, k*) — ExtZ(Pic(Y), k*). We have

an exact sequence

Extg (Divynp(Y), k) — Extg (M, k™) — Extg (Pic(Y), k™).

Since Divy\(Y) is G-free, we have Extg (Divy\y(Y), k%) = 0. It follows that
B(Y © G) = 0 if and only if (7.4). Lemma 7.3 implies that (Y © G) # 0, as
desired. By Proposition 7.2, Y is not G-unirational.

Finally, let X be a smooth proper G-equivariant compactification of Y. The
open immersion i: Y < X induces a commutative diagram with exact rows

1 — k¢ —— k(X)* —— Div(X) —— Pic(X) —— 0

b kb

l1— k* —— k(Y)* —— Div(Y) —— Pic(Y) —— 0.
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For all n > 2, we obtain commutative squares

H"~2(G, Pic(X)) -2~ H"(G, k*)

s H
H"2(G,Pic(Y)) =2 H™(G, k*),

where we use the fact that k[X]* and k[X]* are both equal to k*. It follows that
Am"(X ©G,G,,) CAM"(Y © G,G,p).
Since Am" (Y © G,G,,) = 0, we deduce that Am"(X © G,G,,) = 0, as desired.
Since Y is not G-unirational, X is not G-unirational as well, and Proposition 7.2
implies that (X © G) # 0. O
8. A NON-G-UNIRATIONAL DEL PEZZO SURFACE OF DEGREE 2

Let G be the modular (maximal-cyclic) group of order 16, given by

(8.1) G=(o,7|0%=71%=710710% =¢).
It is the internal semidirect product (o) x (1) ~ (Z/8Z) x (Z/2Z), where T acts on
o via Tor™! =05,

Proposition 8.1. Let k be a field containing a root of unity (s of order 8, and of
characteristic not two. Let

X = {w? =z} + 23+ 23} CP(2,1,1,1),

be the del Pezzo surface of degree 2 over k, in the weighted projective space with
coordinates w, x1, 2 and x3, homogeneous of degree 2, 1, 1, and 1, respectively.
The group G of (8.1) acts on X via

o: (wax17x27x3) = (w,C4$1,£L'3,<2(E2), T (wa$17x23x3) = (w7—x1,—x2,x3).
Then:

(1) every abelian subgroup of G has fized points on X,

(2) the G-action on X is minimal, i.c., Pic(X)E = 7Z, and fized point free,
(3) B(X © G) # 0 € H(G, Txs(k)), and

(4) when k is algebraically closed, Am"™(X © G,G,,) =0, for alln > 2.

In particular, X is not G-unirational.

Remark 8.2. By [TZ25, Section 3, Table 4], when k = k and char(k) = 0, this is
the unique action on a del Pezzo surface that satisfies properties (1) — (4); indeed,
by [Dunl6, Theorem 1.4], every del Pezzo surface of degree > 3 with a generically
free action of a finite group G satisfying (1) is unirational and del Pezzo surfaces
of degree 1 have a fixed point, for every action, and thus (X © G) = 0 in these
cases. It suffices to consider del Pezzo surfaces of degree 2; an examination of all
possible actions yields the result. It was previously unknown whether or not this
action on X is G-unirational.

The rest of this section is devoted to a proof of Proposition 8.1. Properties (1)
and (2) can be checked immediately. Our proofs of parts (3) and (4) rely on Magma
and GAP computations.
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Proof of Proposition 8.1(3). Let M be a Z[G]-module. The cohomology group
HY(G, M), for i = 0,...4, can be computed as the cohomology of the complex

0 1 2 3 4
(8.2) MLy o2 4y ez Dy ez Dy ypes 4 ed
where

doz(l—a 1—7')7

d— 0 l+o+02+0'r
T \l+T o3 —1 ’
&= 7—1 1—03402-0"
- 0 1l—o'r4+7—-0")"
P 1+7 —-1—-02+03+0" 1+o0*—0°—0"
- 0 T—1 l+o+02+c+0*+0%+0"+0%*0)°
T—1 0 14+02—03—-0" 1+0*—0—-0°
dt=| 0 o°—of 147 140>+ +0*+0%+07
0 oc—1 0 1—17
To compute S(X © @), consider the G-equivariant exact sequence
56
(8.3) 1— k" — kU] — @ Z- D; — Pic(X) — 0,
i=1

where D; are the 56 exceptional curves on X. We break the tensor product of (8.3)
with Pic(X)Y into the short exact sequences

(8.4) 1 — Tns(k) — k[U]* ®z Pic(X)Y — R ®z Pic(X)Y — 0,
56
(85) 0— R®zPic(X)" = (PZ- D) @z Pic(X)" = End(Pic(X))? — 0,
i=1
where R is the G-module generated by relations among exceptional curves. By
Proposition 4.1 and Lemma 6.1, S(X © G) can be computed as the image of

—Idpic(x) under the composition of connecting homomorphisms arising from (8.5)
and (8.4), respectively:

End(Pic(X))¢ 25 HY(G, R ® Pic(X)") -2 H2(G, Ts (k).

Concretely, the exceptional curves on X are preimages of the bitangents to the
ramification divisor on P2. They are given by

Lf; = {ar + Cla + Gos = w + V2((~1)'a3 + (P eawa + (~1)7aF) = 0},
Li; = {21 + (o + Qs = w — V2((-1)'a3 + ¢ aazy + (—1)23) = 0},
for i,j € {1,2,3,4} and
Rii ={z1 + Cél’g =w+ x%}, Ry, = {z1+ §§x2 =w— x%},
Ry, ={ra+ Gus =w+ai}, Ry, = {2+ (s =w— i},
R, ={xs+ Gz =w+a3}, Ry, ={xs+ Gz =w—a3}
for i € {1,3,5,7}. We pick the following lift of a basis of Pic(X):
m=0L{,, m=Lzs ns=Ry,, m=L3,,
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75 ZRT@ ne =Lz, 17 =L§1, ns = Lg .
Denote the corresponding dual basis of Pic(X)Y by e;. The image of Idpic(x) under
071 is represented by

8 8
<(1 —0) Zn e, (1-7) Z" ® ei)> € (R® Pic(X)Y)2.

The following computations rely on Magma. The image under do, which is the class
—B(X © G), is represented by

(@-GHho@ta)t@-G-Doa  §6E+5E+2%-Doat
4+ (—4¢5 +12¢ — 12¢s +4) @ ea + (—16¢3 + 16¢5 — 8(s — 8) ® e3+
+ (—96¢2 4 96¢2 — 40Cs — 40) @ ey + é(?)gg +¢3— (s —3)®est
+ (23 — 62 +6(s — 2) ®eg + (8¢ — 8¢5 +4(s +4) ® er+

+ é(—?,cg — G+ G+ eg> € (k* @ Pic(X)¥)? = (Tns(k))%

Using the complex (8.2), one can verify that this indeed represents a 2-cocycle
which is a nontrivial 2-torsion class in H?(G, Txs(k)). O

Proof of Proposition 8.1(4). Let
B"(G,Z) = () Ker (H"(G,Z) Rei>H"(A,Z)),
ACG
where G acts trivially on Z, and A runs over abelian subgroups of G. Since k
is algebraically closed, by Property (1) in Proposition 8.1 and Property (2) in
Theorem 5.1, we know that
Am"(X © G, G,,) CB"(G,Z), foralln>2.

The restriction homomorphism respects the cup product in H*(G, Z), and thus

B(G,Z) = PB"(G,Z) = [ Ker (H*(G, 7) Bea, 4, Z)) ,
n=0 AcA
where A := {G1, Gy, G3} is the set of maximal abelian subgroups of G, i.e.,

Gi=(0)~1Z/8, Gy=(r0)~17/8, G3=(1,0°) ~7/2x7Z/4

It suffices to show that B(G,Z) = 0. By [AVG14, Corollary 6], we know that
HY(G,Z) = Zlz1, 22, 2,4)/1,  |z1| = || =2, |2] =4, [q| =5,
where
I= (2217 4227 8Z7 2(]7 2122, Z% - 427 224, q2)

We also have

H*(G1,Z) ~ Z[t1]/(8t1), H*(G2,Z) ~ Z[t2]/(8t2),  [ta| = [t2] =2,

H*(G5,2) = Zly1, y2,y3]/ (291,492, 293, 93),  |yil = [yl =2, |ys| = 3.

For a finite group H, we identify H?(H,Z) with H'(H,Q/Z) = Hom(H, Q/Z), the

character group of H. We may choose the degree 2 generators such that

ti(0) = (s, to(10) = (s,
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n(n)=-1, nl) =1, p) =1, w(?) =,
Zl(T) = _13 21(0') = 17 22(7) = 17 22(0) = <4'
Computing restrictions of characters, we obtain that
(8.6) Resg,(21) =0, Resg,(z1) = 4ta, Resg,(z1) = 41,
(87) F’LGSG1 (ZQ) = 2t1, ResG2 (22) = 2t27 IZ{GSG3 (2’2) = 2y2

To compute restrictions of z to G;, we note that the conjugation action of G/G3
on H*(G3,7Z) is given by

Y1 Y1, Y2y +Y2, Yz = Ys.

Since Coresg(Resg, (v)) = 2z has order 4, we know that Resg,(2) is an element
in H*(G,Z)%/%s of order 4. Thus, up to replacing z by a suitable element in
{—2,2+ 2%, —2 + 2}}, we obtain that

(8.8) Resg,(z) = y% + y% + y1yo.

Let Gi3 := G1 N G3 ~ Z/4. We have that H*(G13,Z) = Z[z13]/(4213) such that
|z13] = 2 and 213(0?) = (4. Observe that

Resg,;(y1) =0, Resg,,(y2) = 213, Resg,,(t1) = 213

Since
ReSG13 (R‘eSGl (Z)) = ReSG13 (ReSG3 (2)) = (ReSGls(yQ))z = Z%B?
it follows that

(8.9) Resg, () € {t?,5t2}.
We also have that G N G5 = G13, so that Resg,, (Resg,(2)) = 275, and
(8.10) Resg,(2) € {t3,5t3}.

Using GAP,! we verify that
Resg.
Ker <H5(G,Z) —%, HY (G, Z)) =0.

It follows from H°(G3,Z)%/%s = (y,y3) ~ Z/2 that

(8.11) Resg,(¢9) =0, Resg,(¢) =0, Resg,(q) =y1ys.

Putting together (8.6) — (8.11), one can show that B(G,Z) = 0 by computing
kernels of the restriction homomorphisms using elimination ideals (for all 4 choices
coming from (8.9) and (8.10)). O

Remark 8.3. In this case, one can also compute using GAP that

(8.12) M Ker (H2(G,TNs(k>) Reea HQ(A,TNs(k))) ~7,/27,
AcA

and thus (8.12) is generated by 8(X © G).

We use the HAP package, with the code: G:=SmallGroup(16,6) ;Bogomology(G,4) ;
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9. HIGHER AMITSUR GROUPS IN THE ARITHMETIC SETTING

In this section, we discuss arithmetic variants of Theorems 1.1 and 1.2, in the
context of the descent formalism of Colliot-Thélene and Sansuc [CTS87]. To the
best of our knowledge, these variants have not been considered for n > 3 in the
literature.

We begin by recalling the setup of [CTS87]. Let k be a field, k a separable
closure of k, and g := Gal(k/k) the absolute Galois group of k. For every discrete
gr-module M and every ¢ > 0, we put

H'(k, M) == H'(gy, M).

For every k-scheme Y, we set Y =Y % ]_E Let T be a k-torus (not necessarily k-
split), X.(T) the cocharacter gj-lattice of T, and X a smooth geometrically integral
k-variety. We have an exact sequence of discrete gi-modules

(9.1) 1 — K[X]* — k(X)* L% Div(X) — Pic(X) — 0.
Tensoring (9.1) with the Z-free gx-module X, (7)) yields a sequence
(9.2) 1 — T(k[X]) — T(R(X)) 2% Div(X)@X,(T) — Pic(X)@X,(T) — 0,
with extension class
a(X,T) € Ext? (Pic(X) ® X.(T), T(k[X])),
and hence, for all n > 2, connecting maps
(9.3)  9™: H" 2(k, Pic(X) ® X.(T)) — H"(k, T(k[X))), c—cUa(X,T).

The Hochschild—Serre spectral sequence, that is, the Grothendieck spectral sequence
for the composition of the global sections functor for abelian étale sheaves over X
with the functor of gi-invariants, has the form

(9.4) EY? = HP(k,HY(X,T)) = HPT(X,T).
For all p > 0, we obtain differentials
(9.5) do': HP(k, HY(X, T)) — HPY2(k, T(K[X])).

We also have the Grothendieck spectral sequence for the composition of the global
sections functor for gi-equivariant discrete abelian Zariski sheaves on X and the
functor of gi-invariants:

(9.6) EY7 = HP(k,HE, (X, T)) = HY 'Y (X, T),
where Hy, ;.. denotes gi-equivariant Zariski cohomology on X, that is, the derived

functor of the functor sending a gj-equivariant Zariski abelian sheaf F' on X to
I'(X, F)%. For all p > 0, we obtain differentials

(9-7) (dzar)s™": HP (k, Hyo (X, T)) — HPF2(k, T(R[X])).
We have isomorphisms of discrete gi-modules
(9.8) Pic(X) ®z %.(T) = HL, (X, T) = H (X, T),

where the first map is given by L ® x — x«(L) and the second map is the change-
of-site map, which is an isomorphism by Grothendieck’s generalization of Hilbert’s
theorem 90.
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Theorem 9.1. Let k be a field, T a k-torus, and X a smooth geometrically integral
k-variety. For allm > 2, we have a commutative square

H™2(k, Pic(X) ®z 2.(T)) —— H"2(k,H}, (X,T)) — H"2(k,H (X, T))

Zar

o n—2,1
\ l( Zar)2 (4

d
H" (k, T(k[X]))
where the top row is induced by (9.8) and the maps 8", (dgar)y 2" and dj =" are
the maps of (9.3), (9.7) and (9.5), respectively.

When n = 2, this is [CTS87, Proposition 1.5.2 (iv)]. The general case (for
T = G,,) follows from [Sko07, Proposition 1.1 and (1.6)].

In view of Theorem 9.1, for all n > 2, we may define the nth Amitsur group of
the smooth geometrically integral k-variety X with coefficients in T as

Am" (X, T) = Im(0") = Im((dza)2~2") = Im(d}~21).

Proof. Etale descent gives an equivalence between the category of abelian étale
sheaves on X and the category of gi-equivariant abelian étale sheaves on X. The
change-of-site morphism Xg — Xz, gives a morphism of spectral sequences from
(9.6) to (9.4), and hence proves the commutativity of the triangle on the right. In
order to prove the commutativity of the left triangle, one replaces (2.14) by the
exact sequence of gp-equivariant abelian Zariski sheaves on X

1 — G, x — J+G,, 5(x) — Divg — 0,

where j: Spec(k(X)) < X is the inclusion of the generic point, Divg is the direct
sum of the skyscraper sheaves (i, ).Z, where x ranges over all points of codimension
1in X, and i, = Spec(k(z)) — X is the inclusion morphism. One then argues as
in the proof of Theorem 2.1. ([

Theorem 9.2. Let k be a field of characteristic zero, T a k-torus, and X and Y
stably birationally equivalent smooth projective irreducible k-varieties. Then, for all
n > 2, we have

Am™(X,T) = Am™ (Y, T).

Proof. 1t suffices to follow the proofs of Lemma 3.1, Lemma 3.2 and Proposition 3.3,
replacing k by k£ and G by gg. (]

Suppose now that the abelian group Pic(X) is free and finitely generated, and
let Tns be the Néron-Severi torus of X, that is, the k-torus whose character lattice
is isomorphic to Pic(X) as a gr-module. It follows that X, (Tng) is isomorphic to

Pic(X)Y. By Theorem 9.1 for n = 2 and T' = Txs, we have a commutative triangle

End(Pic(X))® —~— H'(X, Txs)%

J{az %
2

2 (k, Tns (k[ X]))
Recall that the universal torsor obstruction for the k-variety X is defined as

(9.9) B(X) = 0°(Idpie(x)) € H?(k, Tivs (K[X])).
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Theorem 9.3. Let k be a field, X a smooth projective geometrically connected

k-variety such that Pic(X) is Z-free and finitely generated. If S(X) = 0, then
Am"™(X,T) =0, for alln > 2 and all k-tori T.

Proof. We have an isomorphism

H?(k, Ts(k[X])) — Ext}, (Pic(X), k[X]*)

which sends 5(X) to —a(X, Tns). It now suffices to follow the proof of Theorem 1.2,
replacing Theorem 2.1 by Theorem 9.1. (Il

Remark 9.4. A fundamental difference between the G-equivariant setting and the
arithmetic setting is that Hilbert’s theorem 90 does not hold “over BG”: for a finite
group G acting trivially on k*, the cohomology group H' (G, k) is often nontrivial.

This leads to the following important difference between the descent formalism of
[CTS87] and the theory presented in this paper. By [CTS87, Proposition 2.2.4], for
a field k and a geometrically integral smooth projective k-variety X, the vanishing
of B(X) is equivalent to the vanishing of the elementary obstruction, which by
definition is the class of the short exact sequence

1 — k" — k(X)) — k(X)) —1
in Exték (k(X)*/k*, k). The proof of this equivalence uses Hilbert’s theorem 90.
In contrast, an example of a finite group G and an irreducible smooth projective

G-variety X over an algebraically closed field k such that (X © G) = 0 (that is,
the extension (2.1) is trivial) while the exact sequence of G-modules

1— kX — k(X)) — k(X)) /B —1

does not admit a G-equivariant splitting is given in [KT25, Remark 5.3]. This
difference also intervenes in Section 7: it is the reason why we need to construct Y
such that Divy\y(Y) is G-free in Lemma 7.4.

Remark 9.5. A bridge between birational geometry over non-closed fields and equi-
variant birational geometry was established by Duncan—Reichstein [DR15]. Let k
be a field, G a finite group, and X an integral G-variety over k. Let V be a finite-
dimensional faithful G-representation over k, and let V° C V be the G-stable dense
open subscheme of V' over which G acts freely. A strengthening of [DR15, Theorem
1.1] in [HT26, Proposition 2.1] implies that the G-action on X is stably linearizable
if and only if a twist of X via the generic fiber of the G-torsor V° — V°/G over
the field K = k(V/G) is stably rational over K. For convenience, we include the
argument. Let P — Spec(K) be the generic fiber of the G-torsor V° — V°/G,
and let ©X be the twist of X by P. If X is stably G-linearizable, then by twisting
we immediately deduce that ©X is K-stably rational. Conversely, assume given a
birational equivalence

AT D (PX) xpe A = P(X xp AD)
for some m,n > 0. By [DR15, Lemma 5.1], there exists a G-equivariant birational
equivalence V' xj A} S5V oxe X %y, A}, where G acts trivially on A}* and A}. It
follows that X is stably linearizable.
Suppose that k is algebraically closed and the integral G-variety X is smooth

over k. Put Y := X. Let S be a G-torus and T the K-torus given by T = ©'S.
By Galois theory, we have a continuous surjective homomorphism

p: 9 — Gal(k(V)/K) =G.
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Pullback along p gives a homomorphism
p*: Extg(Pic(X), S(k[X])) — Ext}, (Pic(Y), T(K[Y]))
which maps a(X © G, S) to a(Y,T). For all n > 2, this gives commutative squares

H"2(G, Pic(X) ® X,(8)) —2— H"2(K, Pic(Y) ® X.(T))

|- Jo»
H™(G, S(k[X])) ——~—— H™(K, T(K[Y])),

where the vertical arrows on the left (resp. right) are the double connecting homo-
morphisms (2.5) (resp. (9.3)). We obtain maps

(9.10) P Am"(X © G, S) — Am™(Y,T),

which are not injective, in general. Indeed, K has finite cohomological dimension
d = dim(V), and hence Am"(Y,T) = 0, for all n > d, while it is possible for
Am"(X © G, S) to be non-zero for all n > 2. This is an instance of the phenomenon
of negligible cohomology, see, e.g., [BM25] for a systematic study of this notion for
2-groups, and [MS26] for the computation of negligible cohomology in degree 2 with
coeflicients in an arbitrary finite G-module.

Here is an explicit example. Let k be an algebraically closed field of characteristic
not equal to two. Consider the faithful action of the Klein 4-group G on X := P}, as
in Proposition 6.3. Then Am" (X © G,G,,) # 0, for all n > 2. On the other hand,
letting V' be a faithful 2-dimensional G-representation over k, the cohomological
dimension of K = k(V)% is 2, and therefore Am"™(Y,G,,) = 0, for all n > 3. Since
the vanishing of the nth Amitsur group Am"(—, G,,) is a stably birational invariant
of smooth projective K-varieties, this implies that Am"(Y,G,,) =0, for all n > 3
and for any choice of a finite-dimensional faithful G-representation V' over k.
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