COMPUTING THE EQUIVARIANT BRAUER GROUP
ALENA PIRUTKA AND ZHIJIA ZHANG

ABSTRACT. Let X be a smooth projective rational variety carrying a reg-
ular action of a finite abelian group G. We give examples of effective com-
putation of the Brauer group of the quotient stack [X/G] in dimensions 2
and 3 using residues in Galois cohomology and the geometry of fixed loci.
In particular, we compute Br([X/G]) for all G-minimal del Pezzo surfaces.

1. INTRODUCTION

Let k£ be a field of characteristic 0. Consider a smooth projective rational
variety X over an algebraic closure k of k carrying a regular and generically free
action of a finite group G. Studying such actions up to equivariant birationality
is a classical and active area in birational geometry. Of particular interest
is the linearizability problem, which asks whether or not the G-action on X
is linearizable, i.e., equivariantly birational to a linear G-action on P". An
arithmetic counterpart of this problem is the classical rationality problem over
nonclosed fields k&, where the Galois action is considered as an analogue of the
G-action.

An established strategy to study both linearizability and rationality prob-
lems is to seek nontrivial birational invariants. The similarities between the
two problems are well reflected in the following invariant: the group cohomol-

ogy
(1.1) H'(H,Pic(X3)), HCG.

This invariant was first studied by Yu. Manin [I3] in the arithmetic setting,
where G = Gal(k/k) is the Galois group and the action is induced from the
Galois action on k. F. Bogomolov and Y. Prokhorov [4] extended it to the
equivariant setting, when G is a finite group and the action comes from geo-
metric automorphisms of Xz. In the respective cases, the vanishing of
for every subgroup H of GG is a necessary condition for X to be stably rational
over k, and for the G-action on Xj, to be stably linearizable. Applications of
this invariant to the study of the linearizability problem can be found in [6, §].
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In the arithmetic setting, when k is a nonclosed field, the Leray spectral
sequence for the Galois action gives rise to a well-known long exact sequence

(1.2) 0 — Pic(X) — Pic(X3)%* /% — Br(k) —
— ker(Br(X) — Br(X3)) — H'(Gal(k/k), Pic(X})) — H*(Gal(k/k), k),

where Br(k) and Br(X) are the Brauer group of k£ and X respectively. The
group ker(Br(X) — Br(Xj)) is known as the algebraic part of the Brauer
group.

In the equivariant setting, when k = k, the Leray spectral sequence for the
G-action produces an exact sequence similar to

(1.3) 0 — Hom(G, k*) — Pic(X,G) — Pic(X)® — H*(G,k*) —
— Br([X/G]) — HY(G, Pic(X)) — H*(G, k™),

where Pic(X, G) is the group of G-linearizable line bundles on X and Br([X/G])
is the Brauer group of the quotient stack [X/G]. The group Br([X/G]) is a G-
stably birational invariant, and can be viewed as an analogue of the algebraic
part of the Brauer group as in ((1.2)).

From now on, we focus on the equivariant setting with & = k, and study
the groups Br([X/G]) and H'(G, Pic(X)). Given a G-action on X, it can
be computationally challenging to find the induced G-action on Pic(X), as
this requires a thorough analysis of divisors on X. On the other hand, the
geometry of the fixed locus X contains rich information readily available in
the equivariant setting, but absent in the arithmetic setting (where the Galois
fixed locus simply consists of all k-rational points).

When G is a cyclic group acting on a smooth rational surface X with mawi-
mal stabilizers, the works of F. Bogomolov and Y. Prokhorov, and E. Shinder
[4, [14] give a formula for H'(G, Pic(X)) only involving information about the
G-fixed curves on X. Generalizing this, for any finite group G acting on a
smooth projective variety X, A. Kresch and Y. Tschinkel gave an algorithm
to compute Br([X/G]) which only requires information about divisors with
nontrivial stabilizers, and presented examples of effective computations when
X is a rational surface [I1], 12].

In this note, we extend the scope of applications of this algorithm to dimen-
sion 3. In particular, we produce a nontrivial class in Br([X/G]) for a smooth
model X of a singular cubic threefold X, and showcase the connection between
Br([X/G)) and H'(G, Pic(X)) through this example (see Remark. We also
complete the computations of Br([X/G]) in dimension 2 for all G-minimal del
Pezzo surfaces X and finite abelian groups G.
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Here is a road map of the paper. In Section[2] we review basic facts about the
Brauer group of the quotient stack. In Section |3, we produce an example with
nontrivial Br([X/G]) in dimension 3. We compute Br([X/G]) in dimension 2
in Section [l
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2. PRELIMINARIES

2.1. Brauer groups. Let X be a smooth projective variety over a field k
and n a positive integer invertible in k. Let H(k(X), u,,) be the Galois coho-
mology of the function field of X with pu,-coefficients, where pu, is the étale
k-group scheme of the n'"-roots of unity (in particular, p, ~ Z/nZ when k is
algebraically closed).

If v is a discrete valuation on the field £(X), one has the residue maps

0+ H(K(X),u37) — B n(0), 4207,
where (v) is the residue field. In particular, for a € H'(k(X),Z/2Z) and for
(a,b) € H*(k(X),Z/27Z), one has
d:(a) = v(a) mod 2 € Z/27Z,

(2.1) 02(a,b0) = (—1)" " Car®p-vl@) € k(v)*/(r(v))?
where for a unit w in the valuation ring of v, we denote by w its image in the
residue field k(v).

For an irreducible divisor D on X, we denote by vp the associated divisorial
valuation on k(X), 0% the corresponding residue maps, and x(vp) or (D) the
residue field. Similarly, for € € X® a codimension 1 point of X, we denote

by ve and 8% the associated valuation and residue maps. The n-torsion in the
Brauer group of X can be computed via

(2.2) Br(X)[n] = () ker(9D),
D
where D runs over all irreducible divisors on X (see [5, Proposition 4.2.3] and

[5, Theorem 4.1.1]; note that we assume that X is smooth and projective).

Now let k£ be an algebraically closed field of characteristic zero and X a
smooth projective variety over k carrying a generically free regular action of a
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finite group G. An analogue of the classical formula (2.2)) for Br([X/G]), the
Brauer group of the quotient stack [X/G], is established in [11], [12]:

Proposition 2.1. Let k be an algebraically closed field of characteristic zero
and X a smooth projective variety over k carrying a generically free reqular
action of a finite group G. For any irreducible divisor D on X, we denote by
Ip the stabilizer group

Ip:={g € G|g acts trivially on D}.

Then the n-torsion subgroup of Br([X/G]), denoted by Br([X/G])[n], can be
computed via

(23)  Br([X/G)ln] = ker (|Ip| - 8) € H*(K(X)¢, Z/nZ),

where D runs over all irreducible divisors on X, |Ip| is the order of Ip, and
0%, is the residue map in degree 2 corresponding to the divisorial valuation on
k(X)C given by the image D' of D.

Proof. See [11I, Proposition 4.2], [12, Section 4], and [10, Proposition 2.2]. O

2.2. Rational surfaces. In this subsection, we review an effective algorithm
provided in [11] to compute Br([X/G]) when X is a rational surface.

Let X be a smooth projective rational surface carrying a generically free
regular action of a finite group G. Recall that the G-action on X is called
in standard form if there exists a G-invariant simple normal crossing divisor
D C X such that

e the G-action on X \ D is free, and
e for any g € G and any irreducible component D of D, either g(D) = D
or g(D)N D = 0.
Any G-action on X can be brought into standard form via successive blowups
[15, Theorem 3.2]. The following proposition provides an effective algorithm
only involving divisors with nontrivial stabilizers to determine Br([X/G]).

Proposition 2.2 ([11, Proposition 4.2, Corollary 4.6]). Let X be a smooth

projective rational surface carrying a finite group G-action in standard form.
Then the group Br([X/G])[n] can be identified with the kernel of the map

(2.4) B H (Spec(k(©)™),2/n2) 25 @ z/nZ,
[flexW) /G plex/G

where the sum on the left runs over G-orbit representatives [£] of codimension
1 points on X such that the stabilizer group I¢ has cardinality n,

De:={9eG|&-g=¢},
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and the sum on the right runs over G-orbit representatives [p] of points of X.

Using Proposition 2.2 we compute Br([X/G]) for all G-minimal del Pezzo
surfaces with abelian groups G in Section 4] Here we introduce the notation
and demonstrate the process in detail with a concrete example.

Example 2.3. We consider the case in [I]. Let X be a smooth cubic
surface given by
{w+2° +ay’ +22 =0y CP) ..,

with an action of G = C3 x (s generated by

o (w,z,y,2) = (Gw,z,y, 2),
T (w,x,y,2) = (w,z, -y, (32).

We list the stratification of curves with nontrivial stabilizers

l Curve §; I, Dy, | (&) | 8(&i/De,)
L[ {y=0nX [Co=(r%) | G 1 0
2/ {w=0}NX| Cs3={0) | G 1 0
3 {z=0nX |Cs5=(r?)| G 1 0

where

e the second column displays equations of the curves & with nontrivial
generic stabilizers;

the third column displays the stabilizers I¢, of &;

the fourth column displays the groups D, = {g € G | & - g = &}

the fifth column displays the genera of &;;

the sixth column displays the genera of /Dy, computed via the
Riemann-Hurwitz formula.

One can check that the G-action on X is in standard form: the G-action is
free in the complement of the simple normal crossing divisor & U & U & in X,
and G leaves invariant each of the curves ¢; for i = 1,2, 3. By Proposition [2.2]
we know that Br([X/G])[n] is possibly nonzero only when n = 2 or 3.

For n = 3, observe that & M &3 consists of three points where two of them
are in the same G-orbit. It follows that the quotient curves & /G and &/G
are both rational and meet at two points, denoted by p; and ps. The kernel
of consists of classes of functions ramified only at p; and ps, where the
ramification indices are distinct at two points. It follows that

Br([X/G1)[3] = Z/3.



For n = 2, the quotient curve & /G has genus 0. Then

ker [ H'(Spec(k($))9,Z/22) » @ Z/2Z | =0
[nleX/G

(see [5, Proposition 4.2.1(b)]). Combining the 2-torsion and 3-torsion sub-
groups, we conclude that

Br([X/G]) = Z/3Z.

3. A CUBIC THREEFOLD

Let £ be an algebraically closed field of characteristic zero, and X the cubic
threefold given by

4
X={F=0}CP,
where
F=y3(y —ya) +y5(v1 + y2) — 2919395 + f,
f=—Yive — 9195 + Yiys — Y1Yi + Y3Ys — Y2ui — 291920
Let G = (5 act on X by
(yh Y2, Y3, Ya, y5> = (yla Y2, —Ys3, Y4, —Z/S)
The singular locus of X consists of six ordinary double points:
pr=0:0:0:1:-1], po=[0:0:0:1:1], p3=[1:0:—-1:0:—1],
pp=1[1:0:1:0:1], ps=[0:1:-1:0:0], ps=1[0:1:1:0:0].
Let X be the blowup of X at py, ..., ps and the G-invariant curve given by
{ys=ys =0} N X.
Since py, ..., pg are ordinary double points, X is smooth.

Proposition 3.1. In the above notation, the group Br([X/G]) is nonzero.
More precisely, the class

B / —Y1Ys + Y1Y2 — Yola 5 a
o= ((yz—y4)3’ (s — 1) ) e H*(k(X)",Z/27Z)

is nontrivial, and belongs to Br([X/G]). In particular, the G-action on X is
not linearizable.
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The rest of this section is devoted to the proof of Proposition [3.1} First, let
4= —Y1Ys + Y1Y2 — Y2Ya

and
(3.1) a = (a,b) € H*(k(X)Y,Z/27),
where
a:= L b:= L
(y2 — ya)?’ (Y2 — ya)?

Since X is smooth and projective, by Proposition , it suffices to check
that for all divisorial valuations on k(X)% given by the image D’ of a divisor
D on X, we have

(3.2) |Ip| - 9 (a) = 0.

Note that no singular point of X lies on the plane section of X given by
ys = y5 = 0. In particular, we may blow up the singular points and the curve
{ys = y5 = 0} N X independently.

Blowup of y;3 = y5 = 0. The blowup Y of X along the cubic curve

{ys=ys =0} NX
is given by
Y = {F = Y3Zs — Y523 = O} C Pf,l ,,,,, ys X ]Pig,25'

We first compute residues in the affine chart U of Y given by y; = 23 = 1. Put
9= —ya+ Y17 + 228 — 212,
Then y5 = y325 and the equation of U is
U:yig+f=0,

where g (resp. f) is the affine equation of g (resp. f) in the chart y, = 1. The
action of G on U is

(Y1, Y2, U3, 25) = (Y1, Y2, — Y3, 25)-
Then U/G is the affine rational variety

(3.3) U/G C A} w3g+ f =0.

Y1,Y2,W3,257

In k(U)%, one has f = —wsg, and we rewrite

a_(@fﬁw_%;%%;m)GW%WW%ﬂﬁﬂﬂmxﬁzp)



We then compute residues of o at divisors of U/G ~ A3 From the

Y1,Y2,25"

definition of a, we know that dp/(a) = 0 for any divisor D' of U/G except
possibly when D’ is one of the following four divisors:
Di:twy=0, Dy:g=0, Dy:ys—1=0, Dj:—yi+yy2—y2=0.
We consider these four cases:
(1) Dj is the image of the divisor Dy : y3 = 0 on U, with |Ip,| = 2. Hence
condition (3.2) is satisfied for D;. We claim that
(3.4) Op(a) =q=—y1 +y1y2 — Y2 # 0 in r(DY)*/(K(D})*)?.

Indeed, at the generic point of D}, the function g is invertible. Hence
k(D4) is the field of functions of the subscheme

{f=0}CA)

Y1,Y2,257

which is a purely transcendental extension of the function field of the
cubic curve

C:f=—yigo—yys +yi—yi+9% — Y — 2y =0C A} .

Since the function ¢, — 1 is invertible at the generic point of C, we may
write:

- (q+y ys(—q—5) —4qy2 — ¢* — ¢
f(ylayZ):f( 2,y2> = 2< ) 2 .
yo — 1 Yo — 1

The discriminant of

Ya(—q—5) —4qys — ¢* —¢q
as a quadratic polynomial in the variable ys over k(q) is
d = q(—4¢*> — 8¢ — 20)
with —4¢? — 8¢ — 20 being a nonsquare in k(q). We obtain:
K(D1) = k(q)(Vd)(25).
Hence the kernel of the natural map
k(a)*/(k(q)*)* — w(Dy)* /(k(D})*)?

is generated by d, so that ¢ is a nonzero element in k(D})* /(x(D})*)?.
(2) Opy(e) is the image of —y1 + y1y2 — y2 in k(D))" /(k(Dy)*)*. By the
definition of DY, we have a relation

Y1 — L+ y122 + yozz — 2125 = 0
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in x(D}), where we still write y1, yo, 25 for their images in x(D})*. We
rewrite this condition as:

Yo_y2 TH + Y12 — Y2
Y1+ Y2 Y1+ 2

=0

(Y1 +2) (25 —

Y

so that
A 2
Y1+ Y2

-1+ iy —y2 = —(1 + 92)2(25 -

is a square in k(D) and dp (o) = 0.

(3) dpy(a) = (=1 + y1y2 — ¥2)®ly,—1 = —1 is a square in x(Dj)*. So we
have that dp; (a) = 0.

(4) Op;(«) is the image of ﬁ in k(D})*/(k(D})*)? In the field x(D)}),

we have a relation
Y2

_92—1.

Al
Then we find that in (D)),

f by
(2 — 1)3 (o — 1)4

is a square, hence dp, (a) = 0.

The computations in the remaining charts y; = 23 = 1, yo = 23 = 1,
and y; = zz = 1,4 = 1,2,4 of Y are similar. Hence we have verified that
the condition holds for all divisors on X /G except the images of the
exceptional divisors of the blowups of six singular points.

Exceptional divisors of Bl,, ,,(X). Let v be the valuation on k(X)“ corre-
sponding to the exceptional divisor of the blowup of X at the G-orbit of two
singular points p; and p,. We work with the affine chart y, = 1. Put

N=Y, =Y Ys=Us, Ga=yi—1,
one may view the union of p; and ps as a variety given by

{91 =02 =03 = 0G4 = O} - A;,yz,ys,ys‘

The blowup Bl,, ,,(A?) is given by
{9i2j —9jz=011,j=1,...,4} C A owsws X P s

The induced G-action is given by

(Y1, Y2, Y3, Ys) X (21, 22, 23, 20) = (Y1, Y2, —Y3, —Ys) X (21, 22, =23, 24).
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In the affine chart z4 = 1, the defining equations are equivalent to the change
of variables

(3.5) yi=zi(ye —1), i=1,2,3.

The exceptional divisor F is given by y2 = 1. Note that it consists of two
components in the same G-orbit. So it gives rise to a divisorial valuation v
of k(X)Y. Since a,b € k(X), after substituting (3.5) into (3.1)), one can

compute

59 (o) = (Gap) =

From ([2.1)), one has
f

00 = ey = 1 € R /()

where the second equality is obtained via evaluation at y2 = 1. It follows from
that 9,(a) = 0.

The computations of the residue of a along exceptional divisors of blowups
of the other two G-orbits of singular points are similar. We summarize them
below.

Exceptional divisors of Bl,, ,,(X). Let v be the valuation on k(X)% cor-
responding to the exceptional divisors of Bl,, ,, (X). Similarly as , after
choosing an appropriate affine chart and introducing new coordinates 2o, 23, 24,
the blowup of P* at ps3 and ps can be considered as the change of variables

y1 =1, y2 = 22(y5 — 1),
Ya = 24(y32, - 1), Ys = _23(y§ — 1)+ ys.

Plugging this into (3.1]), one can compute

It follows from (3.1 that
Op(a) = — (29 — 24)?

is trivial in r(v)*/(k(v)*)%
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Exceptional divisors of Bl,, ,,(X). Let v be the valuation on k(X)% cor-

responding to the exceptional divisors of Bl,, ,(X). Similarly as before, after

choosing an appropriate affine chart and introducing new coordinates 2, 24, 25,

the blowup of P* at ps and pg can be considered as the change of variables
y2:17 yl:ZZ(y§_1)7 1= 174a5‘

Plugging this into (3.1]), one can compute

(o) = (Gwp) =

Then 0,(«) is obtained by evaluating

f
q(1— 24(%2, —1))

at y> —1 = 0. After the above change of variables, this gives 9,(a) = —1, and
thus we know 9,(a)) = 0.

In summary, condition (3.2) is satisfied for all divisors on X /G, hence o

defines an element of Br([X/G]). Moreover, it is nonzero since its residue at
ws = 0 is nonzero by (3.4). Since G is a cyclic group, one has

H*(G,k*) = H*(G, k™) = 0.
The sequence (|1.3]) implies that
(3.7) H'(G, Pic(X)) = Br([X/G])
so that the G-action on X is not (stably) linearizable.

Remark 3.2. For the G-action on X given in Proposition [3.1] it is also com-
puted in [6] that

(3.8) HY(G,Pic(X)) = HY(G, CI(X)) = Z/2Z

where X is the blowup of X at pq,...,ps. In particular, the divisor class group
Cl(X) of X is generated by the class F' of a general hyperplane section on
X and two classes of rational normal cubic scrolls S; and S5 in X subject to
the relation S; + Sy = 2F. The G-action switches S; and Sy, contributing to
nontrivial cohomology .

Our computation above illustrates how to find nontrivial elements in the
group Br([X /G]) via residues in Galois cohomology, without using information
of Pic(X) as in [6] or the group-theoretic formulas as in [12].



12

On the other hand, our computation reflects a striking similarity with the
computation in [6], making the equality explicit. Indeed, with the nota-
tion in Proposition the factor ¢ = —y1y4 + V12 — Y2y4 in « is a quadric
section (equivalent to 2F in Cl(X)) cutting out two cubic scrolls on X:

XN{qg=0} =R, + Ry,
where
Ry ={q = yoys + 11 (VBy2 — ys + y5) = ysya — v1(ys — VBys — y5) = 0},
Ry ={q = yays — y1(VByz + ys — ys) = ysya — v1(ys + V5ya — y5) = 0}.

One sees that Ry and Ry are two rational normal cubic scrolls, corresponding
to the two classes S; and Sy in Cl(X') which contribute to (3.8)).

4. RATIONAL SURFACES

Throughout this section, we work over & = C. Let Cry(C) be the plane
Cremona group, i.e., the group of birational automorphisms over C of P2
Finite abelian subgroups of Cry(C) have been classified in [I]. We recall the
basic settings. Let G C Cry(C) be a finite group. It is known that we can
find a smooth projective surface X with a regular G-minimal action on X
inducing the embedding G C Cry(C). Here a G-minimal action means one of
the following two cases holds

(1) Pic(X)¥ = Z and X is a del Pezzo surface;

(2) Pic(X)Y = Z? and X is a G-conic bundle.
In the remainder of this section, we compute Br([X/G]) in case (1), i.e., for
G-minimal del Pezzo surfaces X using Proposition[2.2] 'We focus on the cases
when G is a finite abelian group, and rely on a classification of such models, in
particular the lists of groups and regular actions in [I, Chapter 10]. We omit
technical details of the computation and refer readers to Example for an
illustration of the computation process. We keep the labels and notation as in
loc. cit. In particular,

e Ly(xy,...,2,) denotes a general homogeneous form of degree d in vari-
ables x1,...,x,;

e (, is a primitive n-th root of unity;

e )\ 4 are general complex numbers.

4.1. Cyclic groups. Note that for an action of a cyclic group G on a smooth
projective variety X, we have H?(G,C*) = 0. Then (1.3) implies that

Br([X/G]) = H (G, Pic(X)).
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Let G C Cry(C) be a cyclic group generated by an element o of order n. By
[T, Chapter 10.1], we know that up to conjugation in Crs(C), the embedding
G C Cry(C) is induced by a G-action on X in one of the following cases:

e Linear automorphisms.
X =P? and ¢ acts via weights (1,1, ¢,). One has Br([X/G]) = 0 in these

cases.

e Involutions. There are three types of involutions (elements of order 2) in
Cry(C), up to conjugation. They are:

de Jonguieres involutions: X is a conic bundle and the fixed locus is a
hyperelliptic curve of genus g > 0. The model is in standard form. We have
Br([X/G)) = (2/22)*
(see []).
Geiser involutions: The model is given by
X = {'LU2 = L4({L‘7 Yy, Z)} C HD(2, ]., ]., 1)w7$’y7z7
G=(o)=0Cy o:(wxyz2)—(—w,zY,2).
The fixed curves stratification is given by

i |Curve & | I, | De | 8(&) | 8(&/De,) | Standard form
3 yes

({w=01[G= G 3 |
We have

Bi([X/G)) = (2/2Z)"

Bertini involutions: The model is given by
X ={w? = 2"+ Lo(2,y)2° + La(z,9)2 + Le(z,9)} CP(3,1,1,2)uzy.:

G=(o)=0Cy o:(wxyz2)—(—w,zY,2).
The fixed curves stratification is
i|Carve & | I, | De, | g(&) | 8(&/De,) | Standard form
L[ {w=0}[Co={(o)| G| 4 | 4 yes

We have

Br([X/G]) = (Z/22)®.

¢ Roots of de Jonquieres Involutions.
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\ C.ro.m \ and \ C.re.m\ X is a conic bundle, 0" is a de Jonquieres involution for
some integer m and n = 2m. The only stratum with nontrivial stabilizer is a
hyperelliptic curve & of genus ¢ fixed by ¢”. The model X © G is in standard
form and Br([X/G]) has been computed in [I1}, Section 5]. The genus of the
quotient curve /G depends on the number s of fixed points of o on £. Note
that s can be 0, 2 or 4. Let r = 2252 we have

(Z)27)* if s = 4,
Br([X/G]) =< (Z)2Z)"" if s =2,
(z)2z)" it s=0.

e n=3.
The model is given by
X ={w® = Ls(x,y,2)} C P,

w,T,Y,2’
G={(0)=0C3 o:(wzxy,z2)— (Gwz,vy,z2).
The fixed curves stratification is
i|Carve & | I, | De, | 8(&) | 8(&/De,) | Standard form
1| {w=0}[Cs=(0)| G| 1 | 1 yes

We have

Bi([X/G)) = (2/3Z)"

The model is given by

X = {w2 =34 Lﬁ(x,y,z)} C P(?), 1,1, 2)w7$,y7z,
G={(0)=0C3 o:(wzx,y,z2)— (w1, (32).

The fixed curves stratification is

i|Carve & | I, | D, | 8(&) | 8(&/De,) | Standard form
1| {z=0}[Cs5=(0)| G| 2 | 2 yes
We have
Br([X/G)) = (2/32)"
e n—4.

The model is given by
X ={w* = Ly(z,y) + 2*} CP(2, 1,1, D)z
G=(o)y=0C4 o:(w,x,y,2)— (w,x,9,(12).
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The fixed curves stratification is

i|Curve & | I, | De | g(&) | 8(&/De,) | Standard form
1| {z=0}|[Cs=(o)| G| 1 | 1 | yes

We have

Bi([X/G)) = (Z/4Z)"

The model is given by
X ={w?* = 2" + 2Ly(2*,y*) + ayLy(2®, 4*)} CP(3,1,1,2)u .z
G=(0)=0C4 o0:(wzxy,2)— (Qw,z,—y,—2).
The fixed curves stratification is

i|Carve & | I | D¢, | (&) | 8(&/De,) | Standard form
L {w=0}[Co=(*)]| G| 4 | 2 | yes

We have

Br([X/G]) = (Z/22)".

e n=5.
The model is given by
X={w=2+ "z +2(ux® +v°)} CP(3,1,1,2) w0y
G=(0)=0C5 o0:(w,zxy,z2) — (v (y,2).
The fixed curves stratification is

i |Curve & | I, | De | 8(&) | 8(&/De,) | Standard form
1| {y=0}[Cs=(0)| G| 1 | 1 yes

We have

Br([X/G)) = (Z/5Z)".

e n=06.
3.6.1| The model is given by

X = {w3 +2° +y + 22 + Ay’ = 0} C wa,x,y,Z’

G = <0> = 067 o: (w,x,y,z) = (C3wa$7,% _Z)

The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,;) | Standard form
{z=0} |Co=()| G| 1 0 o
2 {w=0} |C5=(2 | G | 1 0 4
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We have
Br([X/G]) = 0.

3.6.2| The model is given b
given by

X ={wr* +w? +9y* +2° + \wyz =0} C P?

’Ll),fE,y,Z’
G=(0)=Cs, o0:(w,z,y,2)~ (w,—z,Y,G).
The fixed curves stratification is

i|Curve & | I, | De | g(&) | 8(&/De,) | Standard form
1| {z=0}[Co=(")]| G| 1 | 1 | yes
We have

Br([X/G)) = (Z/22)".

The model is given by
X ={w® = Ly(z,y) + 2°Li(2,9)} CP(2,1,1, 1)1y,
G={(0)=0Cs, o:(wx,y,2)— (—w,z,9,(2).
The fixed curves stratification is

i | Curves &; I, D¢, | g(&) | g(&/Dg,) | Standard form
1| {w=0} [Co=(%| G| 3 0 o
2] {z=0} |C5=(% | G | 1 0 Y
We have
Br([X/G]) = 0.

2.G3.2| The model is given by
X = {w2 = x(a:3 + 93 + z3) + yle(:cQ, y2)} CP(2,1,1,1) 0.2
G: <O-> = 06’ O—: (w’ x?y’ Z) H (_w7$7 C3y7 QBQZ)'
The fixed curves stratification is

i | Curve § | I, | D¢, | (&) | 8(&/Ds,) | Standard form
1/ {w=0}[Co=(") ]| G| 3 | 1 | yes
We have

Br([X/G)) = (Z/22)".

The model is given by
X={w =22y +y" + 2 + 2%} CP2, 1,1, Dz,
G: <U> :Oﬁa o (UJ,QS',y,Z) = (_w7C3377?J7—2)~



The fixed curves stratification is

i | Curve § | | D,

[ﬁi
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1| {z =0} | C5= (%)

We have

G |

1

Br([X/G)) = (2/3Z)"

The model is given by

X ={w*=2"+ Le(z,9)} CP(3,1,1,2) 00y
G = <O'> = 067

(&) | 8(&/De,) | Standard form
1

yes

o: (w,x,y,2) = (—w,z,y,(32).
The fixed curves stratification is

i | Curves &; I, D¢, | g(&) | g(&/Dg,) | Standard form
1 {U) = O} CQ = <0'3> G 4 0 s
2 {z=0} |C5=(% | G | 2 0 Y
We have
Br([X/G]) = 0.

The model is given by
X ={w* =2+ Ly(z*,y*)} CP3,1,1,2) a4y
G = <O'> = 067

The fixed curves stratification is

o: (w,z,y,2) — (0,2, —y, (32).

i | Curves §&; I, D¢, | g(&) | g(&/De,) | Standard form
1| {y=0} [Co=(*)| G| 1 0
2 {z=0 |[C5=(2 | G| 2 0 yes
We have
Br([X/G]) = 0.

1.B3.1| The model is given by
X ={w?=2"+aLi(2®,y*)z + La2(2®,5)} CP(3,1,1,2)u0y.c,
G = <J> = 067

The fixed curves stratification is

o (w,2,y,2) = (—w,x, {3y, 2).

i | Curves §&; I, Dy, | g(&) | g(&/De,;) | Standard form
fw=0} |[Co=(c%)| G | 4 0 o
2 {y=0} |C5=(2 | G | 1 0 4
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We have
Br([X/G]) = 0.

1.B3.2| The model is given by
X ={w’ =2+ A’z + Lo(2® y*)} CP(3,1,1,2) w0y,
G=(0)=Cq, o0:(w,z,9,2) — (—w,z, (y,(2).
The fixed curves stratification is

i|Carve & | I | D¢, | (&) | 8(&/De,) | Standard form
1 {w=0}[Co=(")]| G| 4 | 2 | yes
We have

Br([X/G)) = (Z/2Z)".

The model is given by
X={w =2+ "2+ p2® +4° CP3,1,1,2) w0y
G=(0)=0Cs o0:(w,x,y,z2)— (w,z,—C(Y,2).
The fixed curves stratification is

i|Carve & | I, | De, | g(&) | 8(&/De,) | Standard form
L {w=0}[Ce=(o)| G| 1 | 1 yes
We have
Br([X/G)) = (Z/6Z)>.
e n=8.

1.B4.2 | The model is given by
X = {w® = \®y’z + ay(a® + y")} CP(3. 1,1, 2)uay.s

G = <0> = 087 o: (M,l’,y,Z) = (Cswa%@y, _C4Z)
The fixed curves stratification is

i Curves &; I, Dy, | g(&) | Standard form
1 {z =0} Co=("| G| 0

2 {y =0} Co={"] G| 0 no

3l {ayz+2+y* =0} [ Co=(0") | G| 0

The model is not in standard form: the divisor {w = 0} N X fixed by o is
the union of three rational curves &, & and &3 meeting at one point p = [0 :
0:0: 1], and thus not normal crossing. Moreover, p is a node of &. To reach
a standard form, consider the blowup of X at p. Let E; be the exceptional



19

divisor and él be the strict transform of &; for ¢ = 1,2, 3. We find 53 meets F
at two pOiIltS D1 and D2, 51 N gg N E1 = {pl}; gg N 53 N E1 = {pg} and él and
52 are disjoint. Then blowing up the points p; and ps brings the model into a
standard form. One then computes via Proposition that

Br([X/G]) = Z/2Z.

e Nn—9.

m The model is given by
X ={w* + 22>+ 2%y +y*2 =0} C P

w7x7y7z ’

G = <U> 2097 og: (wax>y72) = (CQwa*maCSy:ng)'
The fixed curves stratification is given by

i|Carve & | I | D¢, | (&) | 8(&/De,) | Standard form
1 {w=0}[Cs=(" ]| G| 1 | 0 | yes
We have
Br([X/G]) = 0.
e n=10.

The model is given by

X ={w’ =2"+ Az +a(ua’ +9°)} CP3, 1, 12wy,
G = <J> 20107 ag: (w,x,y,z) = (—w>$aC5y>Z)-

The fixed curves stratification is given by

i | Curves & | I, | D¢, | (&) | 8(&/De,) | Standard form
1| {w=0} [Co=(")| G| 4 | 0 |
2 {y=0} |Gs=( |G| 1T | 0 | yes
We have
Br([X/G]) = 0.
o n—=12.

The model is given by

X ={w*+a2*+y2* +y*r =0} C P

w7x7yﬁz,

G = <0> = 0127 o (wvxayv Z) = ((3w,x, -Y, C4Z)
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The fixed curves stratification is given by

i | Curves & I, D, | g(&) | g(&/De,) | Standard form
I (=0} |Go=(0"] G | 1 0 .
2 {fw=0} |C5=(| G | 1 0 Y
We have
Br([X/G]) = 0.

The model is given by

X={w=2y+y" +2"Y CP2,1,1,1)yry.,
G = <O'> = 012,

The fixed curves stratification is given by

o: (w,l‘,y72) = (w7C3$ay7C4Z>‘

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1] {z=0} [Co={(% | G| 1 0 o
2 {z=0} |C5=(% | G| 1 0 Y
We have
Br([X/G]) = 0.

1.0p2.2| The model is given by

X ={w* =2+ ayLla(z®,y*)} CP(3,1,1,2) 00y,

G = <0> 20127 o: (wvayVZ) = (C4w,x, _y7_C3Z)'
The fixed curves stratification is given by
i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1/ {w=0} [Co=(%| G | 4 0 o
2 {z=0} |[C5=(% | G | 2 0 Y
We have
Br([X/G]) = 0.
e n—=14.

The model is given by

X = {U)2 = :1:'3y + y32 -+ ng} C P(Qa 17 17 1)107357%2’

G = <0‘> = CV147 o (W,l',y,Z) = (—'lU,CﬂL',C'?y,C?Z)



The fixed curves stratification is given by

i | Curves & | I, | D¢, | (&) | 8(&/De,) | Standard form
1| {w=0} |Co=(")| G| 3 | 0 | yes
We have
Br([X/G]) = 0.
e n=15.

The model is given by
X={w=2 42" +9y")} CPB,1,1,2)ury.
G= <U> 20157 o: (’lU,.fC,y,Z) = (’LU,.T, <5y7C3Z)‘
The fixed curves stratification is given by

i | Curves §&; I, D¢, | g(&) | g(&/De,) | Standard form
1| {z=0} [C5=(")| G | 2 0
2 {y=0F [C5=(% | G| 1 0 yes
We have
Br([X/G]) = 0.
e n=18.

The model is given by
X={w =2 +y" +22°} CP2, 1,1, puy.,

G = <0> =Cs, o (w,x,y, Z) = (—wagg%y’@z)-
The fixed curves stratification is given by

i | Curves §&; I, Dy, | g(&) | g(&/De,;) | Standard form
1| {w=0} [Co=(")| G| 3 0 o
21 {z=0} |C3=(% | G | 1 0 4
We have
Br([X/G]) = 0.
e n=20.

1.B10 | The model is given by
X={w=2+22+24"} CP3,1,1,2)way.-
G = <0> = C?Oa o: (UJ,ZE',y, Z) = (C4w>$a ClOya _Z)

21
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The fixed curves stratification is given by

i | Curves ¢; I, Dy, | g(&) | g(&/De,) | Standard form
1] {z=0} [Co={"™)] G| 0O 0 o
2 {y = 0} 05 = <0'4> G 1 0

The model is not in standard form. The curve & has an Ay-singularity at
p=1[0:1:0:0], and & intersects & at p non-transversally. One can obtain
a standard form via successive blowups such that the strict transforms of &
and & and the exceptional divisors form a tree of rational curves. We have

Br([X/G]) = 0.

o n—24.

The model is given by

X ={w=2+ay(z* +yH} CPG3,1,1,2)puy.

G = <0-> = C’247 o (w7l’,y72) = <C8w7x7c4y7 _C’IY2Z)
The fixed curves stratification is given by

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1| {fw=0} [Co=(")| G | 4 0 o
2] {z=0} | C5=(c% | G | 2 0 Y
We have
Br([X/G]) = 0.
e n=30.

The model is given by

X - {w2 - 23 + I(.T5 + y5)} C ]P)<3, 1, 17 Q)wyx’yyz;

G = <U> :C307 o: (UJ;x’y; Z) = (_wax7c5y7 <3Z)-
The fixed curves stratification is given by

i | Curves ¢; I, Dy, | g(&) | g(&/De,) | Standard form
1/ {w=0} [Co=({P)| G| 4 0
21 {z=0} [C5=("] G| 2 0 yes
3| {y=0} [ C5=("% | G 1 0
We have
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4.2. Noncyclic groups. We continue with actions of noncyclic groups.

e Automorphisms of P! x P!
Let X = P! x P!. Note that H' (G, Pic(X)) = 0 for any G C Aut(X) and thus

Br([X/G]) = H*(G,C)/Am(X, G),

where Am(X, G) is the Amitsur group of the G-action on X. The computation
of Am(X, G) in this case is straightforward, see e.g., [3, Proposition 6.7]. So for
actions on quadric surfaces, we compute Br([X/G]) from the Amitsur groups.

The action on X = P! x P! is given by
G = Cp X Cp, (x,y) - (Cnx,y), (l’,y) - (x7<my)'

One has Pic(X)% = Z?, generated by the G-invariant line bundles O(1,0)
and O(0,1). Both O(1,0) and O(0,1) are G-linearizable. It follows that
Am(X,G) =0 and

Br([X/G]) = H(G,C*) = Z/gcd(n, m)Z.

We also compute the fixed curves stratification in this case

v | Curves §; I, Dy, | g(&) | g(&/De,) | Standard form
10 xP [ Co=(01) | G| O 0
2/[0:1xP[Co={(o1) | G| O 0

3P X[1:0]|Cp=1{(02)| G| O 0 yes
I[P x[0:1[Cp={oa) | G| O 0

Using Proposition [2.2] one can also deduce Br([X/G]) = Z/gcd(n, m)Z.

P1.22n| The action on X = P! x P! is given by

G=Cyx Coy,  (zy) =y, (2,y) — (—2,Cuy).

One has Pic(X)% = Z2, generated by O(1,0) and O(0,1). The line bundle
O(1,0) is not G-linearizable while O(0, 1) is. It follows that Am(X, G) = Z/2Z
and

Br([X/G]) = 0.

P1.222n| The action on X = P! x P! is given by

G = CV22 X 02n> (l',y) = (ixilay)7 (xvy) = ($7C2ny)
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One has Pic(X)% = Z2, generated by O(1,0) and O(0,1). The line bundle
O(1,0) is not G-linearizable while O(0, 1) is. It follows that Am(X, G) = Z/2Z
and

Br([X/G]) = (2/2Z)*.

P1.22.1| The action on X = P! x P! is given by
G=03,  (v,y) — (27 y).

One has Pic(X)% = Z2, generated by O(1,0) and O(0,1). The line bundle
O(1,0) is not G-linearizable while O(0, 1) is. It follows that Am (X, G) = Z/27Z
and

Br([X/G]) = 0.

P1.222| The action on X = P! x P! is given by
G=0C3  (wy) = (Fr,£y),  (o,9) = (@ hy).

One has Pic(X)% = Z2, generated by O(1,0) and O(0,1). The line bundle
O(1,0) is not G-linearizable while O(0, 1) is. It follows that Am(X, G) = Z/2Z
and

Br((X/G]) = (222"

P1.2222| The action on X = P! x P! is given by
G=0Cy,  (v,y) = (2™ £y,

One has Pic(X)¢ = Z?, generated by O(1,0) and O(0,1). Both O(1,0) and
0O(0,1) are not G-linearizable. It follows that Am(X, G) = (Z/27Z)? and

Br([X/G]) = (Z/22)".

P1s.24 | The action on X = P! x P! is given by

G=CoxCy  (zyy)= @@y,  (2,9)— (—y2).

One has Pic(X)Y = Z, generated by O(1,1), which is not G-linearizable. It
follows that Am(X, G) = Z/27Z and

Br([X/G]) = 0.

P1s.222| The action on X = P! x P! is given by

G=0C3, (zy)— (—z,—y), (z,9)—~ @y "), (.9~ (y,2).
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One has Pic(X)% = Z, generated by O(1, 1), which is G-linearizable. It follows
that Am(X,G) = 0 and

Br([X/G]) = (2/2Z)".

e Automorphisms of P?

The action on X = P? is given by
G=C3, (x:iy:2) (:Gy:CG2), (v:y:2)— (y:z:1).

One has Pic(X)% = Z, generated by O(1), which is not G-linearizable. It
follows that Am(X, G) = Z/37Z and

Br([X/G]) = 0.
¢ Automorphisms of del Pezzo surfaces of degree 4
The surface X C P},
a,b,ce C
(4.1) cx} —axr; — (a — )] — acla — c)xz =0
cxy — brs + (c — b)x3 — be(c — b)a: = 0.
The action on X is given by

G = OS, 01t <X> = (—xl,x2,$3,$4,$5),

is given by the following equations with general

02 : (X) — ('xla —xg,xg,x4,l'5), g3 . (X) — (xlax% —.7:3,354,3:5).

The fixed curves stratification is

i | Curves ¢&; I, Dy, | g(&) | g(&/De,) | Standard form
1 {{L‘l = 0} CQ = <0'1> G 1 0

2| {z2=0} |Cy=(09) | G 1 0 yes

3 {ZL’3 = 0} CQ = <O'3> G 1 0

The images of & and &; in X /G intersect in 2 points for i # j € {1,2,3}.
We find
Br((X/G]) = (2/22)".

4.2222 | The action on X is given by

G = CSL? 01 : (X) — (_x17x27$37$47x5)7 09 : (X) — (':C17 _x27x37x47x5>7

o3 : (X) = ($1>$2, —$375B4,$5), 04 : (X) — ($1,1’2,$37 —$4,$5)~
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The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1 {IL‘l = O} Cg = <O'1> G 1 0

2 {ZL’Q = 0} 02 = <O‘2> G 1 0

3 {.%’3 = O} Cg = <0’3> G 1 0 yes

4 {.%4 = O} CQ = <O’4> G 1 0

5 {l’5 = O} CQ = <O'10'20'30'4> G 1 0

The images of & and &; in XV /G intersect in 1 point for i # j € {1,...,5}.
We find
Br([X/G]) = (Z/22)".

The surface X is given by (4.1) with (a:b:¢) = (1:&:1+4¢) for any
£ € C\{0,£1}. The G = C, x Cy-action on X is generated by

g7 . (X) — (—$2,1‘17$4,5L‘3, —.1'5), gy (X) — ($1,I’2,x3,$4, _I5)'

The fixed curves stratification is
1 ‘ Curves &; ‘ I, ‘ Dy,

(&) ‘ g(&/De,) ‘ Standard form
1

1‘{$5:0}‘02:<O'2>‘G‘ 1 ‘ ‘ yes
We have
Br([X/G]) = (2/2)".
e Automorphisms of cubic surfaces
3.33.1| The model is given by
X={w+22+yy*+2>=0} C ]P’?U’x’yyz, G = (0y,00) = C3,

o1: (w,x,y,2) = (Gw,z,y,2), o03:(w,z,y,2) — (w,x,y,(32).
The group
Br([X/G]) = (Z/3Z)
has been computed in [I1], Section 5.

3.33.2 | The model is given by

X={w+2°+y"+2° + \ryz =0} CP? G = {(01,04) = C3,

w7$7y7z )

o1 : (wa z,Y, Z) = (CBU% r,y, Z)a 02t (w> r,y, Z) = (wv xz, CSyv C??Z)
The fixed curves stratification is given by
i|Curves & | I | D¢, | 8(&) | 8(&/De,) | Standard form
1| {w=0} [Cs5=(o1)| G| 1 | 1 | yes




and

X={w+2*+ay’+22=0} CP?

w7x7y72 ’

01 : (waxyya Z) = (C3w7$ay7z)a

Br([X/G]) = (Z/32)".

The model is given by
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G = <0’1,02> = 03 X 067

02 : (U), x,Y, Z) = (wa x,—vy, CSZ)
The fixed curves stratification is given by

i | Curves &; I, D¢, | g(&) | g(&/De,) | Standard form
1 {y=0l [Co=(D) | G | 1 0

2 {fw=0} |[C5=(o1)| G 1 0 yes

3/ {z=0} [C5=(02)| G| 1 0

The images of & and &3 in X(V) /G intersect in two points, so that
Br([X/G]) =7Z/3Z.
3.333 | The model is given by
X={w’+2°+¢y’+2°=0}CP),,..
(w,2,y,2) = (G, z,y, 2),
o3 (w,x,y,2) = (w,z,y,(32).

G == <O-170-27O-3> = 05)7 01 :

oy (w,x,y, 2) = (w,z,(3Y, 2),
The group
Br([X/G)) = (Z/3Z)
has been computed in [11, Section 5.

e Automorphisms of Del Pezzo surfaces of degree 2

The model is given by
X ={w? = Ly(z,y) + La(z,9)2* + 2*} CP(2, 1,1, D ayz
G = {(o1,09) = C3,
o1: (w,x,y,2) = (—w,x,y,2), o9 (w,x,y,2) — (w,x,y,—2).
The fixed curves stratification is

i | Curves §&; I, D¢, | g(&) | g(&/De,) | Standard form
{w = O} Cg = <0'1> G 3 1 s
2 {z=0} |Co=(oa)| G | 1 0 Y

The images of £; and & in X /G meet at four points. Recall that a zero-cycle
>, niP; of degree 0 on an elliptic curve is a divisor of a function on the curve
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if and only if > n;[P;] = 0, where the latter sum is for the group law of the
elliptic curve. It follows that we have

Br([X/G]) = (2/2Z)".

2.G4.1| The model is given by

X = {w2 = L4($,y> + Z4} C ]P)(27 ]-7 ]-7 1)w,x,y,z7 G = <01a02> = C12 X 047

o1: (w,x,y,2) = (—w,x,y,2), o9 (w,x,y,2) = (w,x,y, (42).

The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
{w = 0} CQ = <0'1> G 3 0 s
21 {z=0} |[Ci=(oa)| G | 1 0 Y

The images of £, and & in XV /G meet at four points. We have
Br([X/G]) = (Z/2Z)°.

2.G4.2| The model is given by

X = {w2 =zt oyt + 24+ xy Ly (zy, 22)} CP2, 1,1, Dway.
G = <O'1,0'2> = CQ X 04,

O1: (w7x7y7 Z) = (_waxaya Z)a 02 (w,:c,y, Z) — (’U],[B, _y7C4Z)-

The fixed curves stratification is

i | Curves & I, Dy, | g(&) | g(&/De,) | Standard form
{U) = O} CQ = <O'1> G 3 1 os
2 {z=0} |Co=(02)| G | 1 0 Y

The images of ¢, and & in X(V) /G meet at two points. We have
Br([X/G)) = (2/22)°.

The model is given by

X ={w? =2y +y" + 2 + W2} CP2, 1,1, Dpay-
G = <O'1,0'2> = CQ X Cﬁ,

01 (w,x,y, Z) = (—w,x,y, Z)v 02 (w7$7y7 Z) — (wa<3xaya _2)



The fixed curves stratification is
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i | Curves &; I, D¢, | g(&) | g(&/De,;) | Standard form
1 {U) = O} CQ = <O'1> G 3 0
21 {z=0} [Co=(o3) | G| 1 0 yes
3 {z=0} [Cs5=(02)| G| 1 0
1

The images of & and & in X
Br([X/G])

The model is given by

X={w=2% 42y’ +2'} CP2,1,1,)pay.,

01: (’U},.T,y,2> = (—w,x,y,z),

The fixed curves stratification is

= 7,/27.

G —

oy (w,x,y, z) = (w, sz,

)/G meet at two points. We have

<017U2> =y x Cs,
_CSyVZ)'

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1 {U) = O} CQ = <O’1> G 3 0
21 {z=0} |Cyi= {002} | G | 1 0 yes

The images of £, and & in XV /G meet at three points. We have

Br([X/G]) =

2.G12| The model is given by

X — {w2 _ x3y 4 y4 i Z4} CP2,1,1,)way.:

oy (w,x,y,2) —

01: ('LU,SU,y, Z) = (_w7x’y’ Z)7

The fixed curves stratification is

(Z)2Z)*.

G =

(o1,09) =

Cy x Chy,
(w7 C3x7 Y, C4Z)'

i | Curves &; Ig D¢, | g(&) | g(&/De,) | Standard form
1] {w=0} =(o1) | G 3 0
2] {z=0} =(oy)| G| 1 0 yes
3] {z=0} (o) | G| 1 0

The images of & and 53 in X /G meet at two points. We have

Br([X/G]) = Z/27Z.
2.G22| The model is given by
X = {w2 = LQ(x27y27 zQ)} C P<2a 17 17 1)w,x,y,z> G = <01a g2, 03> ==

01: (w,a:,y,Z) = (—w,x,y,z),

oy (w,x,y, 2) — (w,

03: (w,$,y,z) = (w,x,y, _Z)

Cs,
z,—Y, Z),
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The fixed curves stratification is

i | Curves ¢&; I, Dy, | g(&) | g(&/De,) | Standard form
1 {U) = O} CQ = <0'1> G 3 0

2 {ZE = 0} CQ = <O'20'3> G 1 0

3T {y=0} | Ca={(0) | G | 1 0 yes

4 {Z = 0} Cg = <0'3> G 1 0

Let p;; be the number of intersection points of the images of ¢ and ¢; in
XM /G, We record
P12 =DP13 =p1a =2, Po3=pau=Dpu =1L

Since the intersection of any three of the four curves &;, ¢+ = 1,2, 3,4 is empty,
we have

Br([X/G]) = (2/2Z)".

The model is given by
X={w=a"+y' + 2+ \2*?} C P2, 1,1, 1) 0y.-,
G = {(01,00,03) = C3 x Cy, o1: (w,3,y,2) = (—w,z,y, 2),
oy (w,z,y,2) = (w,z,—y, z), o3: (w,x,y,2)— (w,z,Y,(12).
The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1 {w = O} Cg = <O'1> G 3 0

2 {x=0} [Co=(0203) | G | 1 0

3 {y=0F | Co={os) | G| 1 0 yes

41 {z=0} | Cy=(o3) | G| 1 0

Let p;; be the number of intersection points of the images of & and &; in
XM /G, We record

Pia =2, P12 =Dpi3 =Pz =Pos = pa = L.

Since the intersection of any three of the four curves &;, ¢ = 1,2, 3,4 is empty,
we have

Br([X/G]) = (Z/27)*.

2.G44 | The model is given by
X = {w2 =zt + y4 + 24} C P(2> L1, 1)w,w,y727
G = <O-170-2a0-3> = 02 X Cza 01 (waxvyv Z) = (_wvwaya 2)7

oy: (w,z,y,2) — (w,x,Qy, 2), o3: (w,z,y,z)— (w,x,y,(2).
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The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1 {w = 0} CQ = <O'1> G 3 0

2 {[L’ = O} 04 = <010203> G 1 0

3/ {fy=0y | Ci=(o02) | G| 1 0 yes

41 {z=0} Cy = (03) G| 1 0

Let p;; be the number of intersection points of the images of ¢ and &; in

XM /G, We record

D12 = P13 = P14 = P23 = Paa = p3a = 1.

Since the intersection of any three of the four curves &, i = 1,2, 3,4 is empty,
we have

Br([X/G)) = (Z/2Z)* @ (Z/AZ).

2.24.1 | The model is given by
X = {w2 =zt oyt + 2+ )\:1:23/2} CP2, 1,1, sy
G = <0-170-2> :OQ XO47 01: (U),LU,y,Z)'—) (U),I', _y7z>a

02: (U),LC,:I/,Z) = (’lU,l',y,C42>.

The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1 {y = O} CQ = <0'1> G 1 0

2 {z =0} [Co=(o1035)| G| 1 0 yes

3 {Z = 0} 04 = <0'2> G 1 0

Let p;; be the number of intersection points of the images of & and &; in

XM /G, We record
P13 =p2a3 =2, pi2=1
Since &1 N & N E&s is empty, we have

Br([X/G)) = (Z/22)",

2.24.2 | The model is given by

X={w=2"+y" + 2" + \e**} CP(2, 1,1, Dz
G = <O-170-2> = CQ X 047 01+ (wuxvyu Z) = (_wuxv_ya Z)7

g2 (w,x,y,z) = (w7$7yvc4z)‘
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The fixed curves stratification is

i|Curves & | I | D¢, | 8(&) | 8(&/De,) | Standard form
1| {z=0} [Cy=(o2)| G| 1 | 1 | yes

We have

Br([X/G]) = (Z/AZ)*.

2.44.1 | The model is given by

X={w=a"+y" +2Y C P2, 1,1, )upy., G= 01,0 =C3

g1 (’LU, x,Y, Z) = (w> €, C4y7 2)7 0o (’LU, z,Y, Z) = (w> x,Y, C4Z)
The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1| {z=0} | Cy=(0cic3) | G 1 0

2| {y=0} | Cy=(oq) | G 1 0 yes

3 {Z = O} C4 = <O'2> G 1 0

Let p;; be the number of intersection points of the images of & and &; in
XM /G, We record

pr2=piz =1 pa =2
Since &1 N & N &3 is empty, we have

Br([X/G)) = (Z/2Z) & (Z/AZ).

2.44.2 | The model is given by

X={w =249y + 2 CP2,1,1, Duny. G={o1,09)=C2

01 (UJ, x,Y, Z) — (_wa Z, C4ya Z)a 02: (QU, x,Yy, Z) = (wa x,Y, C4Z)
The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1| {y=0} [ Co=(o}) |G| 1 0

2| {z=0} [Cy=(o109) | G 1 0 yes

3/ {z=0} | Cu=(or) | G| 1 0

Let p;; be the number of intersection points of the images of ¢ and &; in
XM /G, We record

P12 = p13 = pa3 = L.
Since & N & N & is empty, we have

Br([X/G]) = Z/2Z.
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1.B2.1 | The model is given by

X = {w2 = Z3 + ZL2<;U2, y2> + Lg(fEQ,yZ)} - P<37 17 17 Z)w,m,y,m

G=0C3 o1 (w92~ (—w 2,y 2), oo: (w,z,y,2) = (w, 1, —Yy, 2).
The fixed curves stratification is
i|Curves & | I | D¢, | (&) | 8(&/De,) | Standard form
[ {w=0] [G=f | G 4] 1
2 {y=0} [Co=(oy| G | 1

‘ 0 yes

The images of £, and & in X(V) /G intersect in three points. We have
Br([X/G)) = (2/2Z)"

1.0p2.1| The model is given by
X ={w* =2+ L3(2*,y*)} CP(3,1,1,2)p0y.. G=CgsxCo,

o1 (w,z,y,2) = (—w,x,y,(32), o09: (w,z,y,2) — (W, x,—Yy,2).

The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1| {w=0} [Co=(c})| G | 4 0

2| {y=0} |Cy=(oy) | G 1 0 yes

31 {z=0} [Cs5=(07)| G | 2 0

The images of ¢; and & in X(V) /G intersect in one point. We have
Br([X/G]) = 0.

The model is given by
X ={w* =2+ Ly(2®, ")} CP(3,1,1,2)p0y.. G=CsxCs,

01 (U], z,y, Z) = (_w’ x,Y, C3Z), 02 (wy x,Y, Z) — (wa €, CSZ% Z)
The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1| {w=0}] Co=(0}) | G| 4 0

2 {y = 0} 03 = <O'2> G 1 0

3 {a=0} |C;= (0205 | G | 1 0 yes

41 {z=0} | C5=(0%) | G| 2 0
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Let p;; be the number of intersection points of the images of & and &; in

XM /G, We record
P23 = Paa = p3a = L.
Since & N &3 N &, is empty, we have

Br([X/G]) = Z/3Z.

The model is given by
X ={w? =2+ Ly(2®,4*)} CP(3,1,1,2) 00y, G=C3,

O1: ('U), z,Yy, Z) = ('UJ, x,Y, C3Z)7 g2 ('U), x,v, Z) — ('LU, Z, €3y7 Z)
The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1 {Z = 0} 03 = <O'1> G 2 0

2/ {y=0} | C3=(o9) | G| 1 0 yes

3| {z=0} [Cs5={(0%09) | G | 1 0

Let p;; be the number of intersection points of the images of ¢ and ¢; in
XM /G, We record

P12 =pi3 =2, pa=1
Since & N & N &3 is empty, we have

Br([X/G]) = (Z/3Z)>.

The model is given by
X = {w? =23+ 2Ly (2%, y*) + 2L (2%, ")} CP(3, 1, 1,2) s
G = Cy x (Y,
o1 (w,x,y,2) = (—w,x,y,2), o9 (w,x,y,2) — (w,x, Y, 2).
The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1 {w = O} CQ = <0'1> G 4 0

2 {x=0} [Co=(o03) | G | 1 0 yes

ST w=01 [ Cic={oa) |G| T | 0

Let p;; be the number of intersection points of the images of & and &; in
XM /G, We record

pi2=2, piz=3, pa=1L1L
Since & N & N & is empty, we have

Br([X/G)) = (Z/2Z)".



35

The model is given by
X ={w’ =2+ dzx + p2® + 4%} CP(3,1,1,2)way., G =CyxC,
o1: (w,x,y,2) = (—w,x,y,2), o9 (w,x,y,2) — (w,x,—(3y, 2).
The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1| {w=0} | Co=(o) | G| 4 0

2/ {z=0} [Co=(oo3)| G| 1 0 yes

3 {y = O} C@ = <0'2> G 1 0

Let p;; be the number of intersection points of the images of ¢ and &; in
XM /G, We record

P13 =3, P12 =pa =1L
Since & N & N &3 is empty, we have

Br([X/G]) = (2/2Z)".

The model is given by
X={w=2+2°+y° CPB3,1,1,2)pa0y., G=Cz,

01 (w7 x,Y, Z) = (-UJ, €, Y, CSZ)7 09 (’LU, x,Y, Z) — (w> €, _C3y> Z)
The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1| {w=0} | Co=(o}) | G| 4 0

2 {z=01 | Cs=1(0%) | G| 2 0

3 {z=0} |Cs=(o0os) | G | 1 0 yes

Let p;; be the number of intersection points of the images of ¢ and &; in

XM /G, We record

Pia =3, P13 = P23 = P = pP3a = L.

Since the intersection of any three of the four curves &;, ¢+ = 1,2, 3,4 is empty,
we have

Br([X/G]) = (Z/27)* © (Z./37Z).

The model is given by

X={w=24+2°4+¢y} CP3,1,1,2)p0y. G=C5xCs,

o1: (w,z,y,2) = (w,x,y,(32), o02: (w,z,y,2) — (W, x,—(3y, 2).
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The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1 {Z = 0} 03 = <O'1> G 2 0
2 {x=0} [Cs5=(003) | G | 1 0 yes

Let p;; be the number of intersection points of the images of ¢ and &; in

XM /G, We record
P13 =2, pi2=ps =1

Since & N & N &3 is empty, we have
Br([X/G]) = (2/3Z).

1.B6.2 | The model is given by

X ={w =2+ 22®y’ +2° + 4%} CP(3,1,1,2) 00y, G =Cyx Cs,

01 (UJ, x,y, Z) = <_w7 x,Y, Z)? O3 (w7 x,Y, Z) = (UJ, x, _C3y7 C3Z)
The fixed curves stratification is

i | Curves &; I, Dy, | g(&) | g(&/De,) | Standard form
1| {w=0} | Co=(o1) | G| 4 1

2/ {z=0} [Co=(o03)| G| 1 0 yes

3 {y=0} | Co=(03) | G| 1 0

Let p;; be the number of intersection points of the images of ¢ and ¢; in

XM /G, We record
P12 = p13 = pa3 = L.
Since & N & N &3 is empty, we have

Br([X/G)) = (Z/2Z)°.

1.B12 | The model is given by

X={w=2 4+ 2 +4°} CP3,1,1,2) 00y, G =Cox Cha,

01 (’lU,iL',y,Z) — (_waxaya 2)7 02 (wa‘mayaz) — (C4w71'7§123/7 _Z)'

The fixed curves stratification is

i | Curves §&; I, Dy, | g(&) | g(&/De,) | Standard form
1 {w = O} CQ = <O'1> G 4 0

2 {z=0} | Cy={(o3) | G| 1 0 yes

3 {y == O} Cﬁ = <(710'§> G 1 0
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Let p;; be the number of intersection points of the images of & and §; in
XM /G, We record
P13 =2, pi2=pa=1
Since & N & N &3 is empty, we have

Br([X/G)) = (Z/2Z)".
4.3. Tables. We record the above computations in the following tables.

Cyclic groups G

Label in [I] | Group G | Surface X | Br([X/G])
0.n C, P? 0
C.2 Cy conic bundles vary
2.G Cy dPy (Z./27.)°
1.B Cy dP, (Z.)27.)®

C.ro.m Com conic bundles vary
C.rem Com conic bundles vary
3.3 Cs dP3 (Z2.]37)?
2.4 Cy dPy (Z/A7.)?
1.B2.2 Cy dP, (Z.]27,)*
1.5 Cs dP, (Z]57)?
3.6.1 Cs dP3 0
3.6.2 Cs dP3 (Z.)27.)?
2.G3.1 Cs dP, 0
2.G3.2 Cs dap, (Z]2Z)?
2.6 Cs dPy (Z/37)?
l.O'p CG dP1 0
1.p2 Cs dpP, 0
1.B3.1 Cs dP, 0
1.B3.2 Cs dP, (Z]27,)*
1.6 Cs dP, (Z./67.)?
1.B4.2 Cs dP, 7]27
3.9 Cy dPs 0
1.B5 Cho dP, 0
3.12 Co dP3 0
2.12 Cha dP, 0
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10'p22 C12 dP1 0
2.G7 Ca dP, 0
1p5 015 dP1 0
2.G9 Cis dPy 0
1.B10 Cao dP, 0
10’p4 024 dP1 0
10p5 030 dP1 0

Noncyclic groups G
Label in [I] | Group G | Surface X Br([X/G])
0.mn CoxCp | PLxP! Z/gcd(m,n)Z
P1.22n CQ X an P! x P! 0
P1.222n [ C3 x Cy, | P! x P* (Z.)27.)*
P1.22.1 2 P x P! 0
P1.222 3 P’ x P! (Z]2Z)
P1.2222 CI PT x P! (Z]2Z)*
P1s.24 CyxCy | PP xP! 0
P15.222 3 PT x " (Z]2LY
0.V9 2 P? 0
1222 3 b, (Z]2Z)
1.2222 C1 b, (Z]2Z)°
4.42 04 X Cg dP4 (Z/QZ)Q
3331 2 ap, (Z/3L)
3.33.2 2 P, (Z/3Z)°
3.36 Cg X 06 dP3 Z/BZ
3.333 3 P, (Z/3Z)
5.G2 C: P, (227
2.G4.1 02 X 04 dPQ (Z/2Z)3
2.G4.2 CQ X C4 dP2 (Z/2Z)3
2.G6 CQ X 06 dPQ Z/ZZ
2.G8 CQ X Cg dPg (Z/QZ)Q
2.G12 02 X Clg dPQ Z/2Z
2.G22 3 ap, (Z/2L)°
2.G24 | (ZxCy | dbs (Z]2Z)"
5.Gid | CoxC2 | dPs | (Z/22)7° @ (Z/AZ)
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2.24.1 CQ X 04 dP2 (Z/2Z)3
2.24.2 CQ X 04 dPQ (Z/4Z)2
9411 2 ap, | (Z2Z) © (Z/4Z)
2.41.2 2 ap, 72T
1821 2 ap, (Z/2Z)
10'p21 CG X 02 dP1 0

Top3 | CoxCs | dp, ZJ3L

.03 C? P, (237
1.B4.1 02 X 04 dP1 (Z/2Z)4
1.B6.1 CQ X 06 dP1 (Z/2Z)3
T.op6 2 dp, | (Z2Z) @ (Z/3Z)

1p6 Cg X 06 dPl (Z/3Z)2
1.B6.2 CQ X 06 dP1 (Z/2Z)3
1.B12 CQ X 012 dP1 (Z/2Z)2
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